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Abstract 

In this thesis we reformulate the bosonic sector of eleven dimensional 
supergravity as a simultaneous nonlinear realisation based on the confor- 
mal group and an enlarged affine group called Gn. The vielbein and the 
gauge fields of the theory appear as space-time dependent parameters of 
the coset representatives. Inside the corresponding algebra gn we find 
the Borel subalgebra of 67, whereas performing the same procedure for 
the Borel subalgebra of eg we have to add some extra generators. The 
presence of these new generators lead to a new formulation of gravity, 
which includes both a vielbein and its dual. We make the conjecture that 
the final symmetry of M-theory should be described by a coset space, with 
the global and the local symmetry given by the Lorentzian Kac-Moody 
algebra en and its subalgebra invariant under the Cartan involution, re- 
spectively. The pure gravity itself in D dimensions is argued to have a 
coset symmetry based on the very extended algebra Aj^g . The tensor 
generators of a very extended algebra are divided into representations 
of its maximal finite dimensional subalgebra. The space-time transla- 
tions are thought to be introduced as weights in a basic representation 
of the Kac-Moody algebra. Some features of the root system of a general 
Lorentzian Kac-Moody algebra are discussed, in particular those related 
to even self-dual lattices. 
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Introduction 



A central theme in fundamental physics during the twentieth century was 
the search for ways to bring together gravity and quantum mechanics, 
that is, to find a gravitational theory at the Planck length. Until 1995 
the best candidates for the theory of everything were the ten-dimensional 
superstrings. Although the superstrings succeeded to shine new light on 
the issue of quantum gravity, one of the major problems was that the 
number of different self-consistent superstring theories was not one, but 
five. Also the required ten-dimensional space-time is somewhat startling, 
since supersymmetry permits a supersymmetric field theory in eleven di- 
mensions. The discoveries of the supermembrane and the superfivebrane 
then made it clear that the superstring theories cannot be the whole 
story. In the last few years just before the new millennium, Edward 
Witten opened a new window revealing a mysterious theory called M- 
theory. It is a non-perturbative theory in eleven dimensions, where the 
various superstrings correspond to different extremal regions of the cou- 
pling constants arising after compactification and related by dualities to 
one another. At the low energy limit, M-theory is described by eleven 
dimensional supergravity. 

This thesis work deals with the possible symmetries of M-theory, hav- 
ing eleven dimensional supergravity as the starting point. The symmetry 
groups appear manifestly by using a technique called nonlinear realisa- 
tion. Typically, one has a Lie group as the global symmetry group, while 
the local symmetry is its maximal compact subgroup. Certain features 
of eleven dimensional supergravity and its dimensionally reduced theo- 
ries seem to point towards a rank eleven Lorentzian Kac-Moody algebra 
named en. 

The outline of this thesis is the following: Chapter [S] deals with 
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nonlinear realisations. First the general theory is reviewed, detailed cal- 
culations are then carried out for the scalar fields of type IIB supergravity 
and the bosonic part of eleven dimensional supergravity. The correct field 
equations of the latter are obtained by simultaneous nonlinear realisation 
based on a group called Gn and the conformal group, both having the 
Lorentz group as the local subgroup. 

In Chapter [31 some basic properties of Lorentzian Kac-Moody al- 
gebras are presented, with the focus being mainly on the root system. 
Conditions are found for a Lorentzian Kac-Moody algebra to include a 
real principal so(2,l) subalgebra. Also, a section is devoted to the so 
called very extension of a finite dimensional Lie algebra g, which is ob- 
tained from g by adding three more simple roots in a specific way. The 
very extended Lie algebras related to self-dual lattices are of special in- 
terest, e.g., eii, mi9 and k27. 

The conjecture about en being a symmetry of M-theory is made in 
Chapter SI It is shown that the eleven dimensional supergravity con- 
tains the finite dimensional Lie groups of exceptional type as symmetries. 
The concept of level is introduced, and the root space of en is divided 
into tensor representations of its subalgebra Aiq. The translation gen- 
erators are found to be included in a basic representation of en. An 
alternative formulation of gravity, involving a field dual to the vielbein, 
is also presented in this chapter. 

Conclusions are made in Chapter O together with some brief words 
about relevant issues not covered in this thesis. 

There are some loosely attached subjects included as appendices, pro- 
viding short introductions to differential forms, the conformal group, 
general coordinate transformations, real principal subalgebras and the 
Lorentzian self-dual lattices IId-i;i- Last but not least, there is a sum- 
mary about field transformations under the conformal group. 
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Nonlinear realisations 



When the eleven dimensional supergravity is dimensionally reduced on a 
n-torus to (11-n) dimensions, for n = 1, . . . , 8, the scalars in the resulting 
theory can be associated with the coset space formed by a non-compact 
symmetry group E„ divided by its maximal compact subgroup F„, see 
Table 12.11 The local subgroup F„ can be used to choose the coset repre- 



Dimension 


En 


F„ 


11 


1 


1 


10, JIB 


SL(2) 


S0(2) 


10, IIA 


S0(l,l)/Z2 


1 


9 


GL(2) 


S0(2) 


8 


Eg ~ SL(3)xSL(2) 


U(2) 


7 


E4 ~ SL(5) 


USp(4) 


6 


E5 ~ SO(5,5) 


USp(4)xUSp(4) 


5 


Eg 


USp(8) 


4 


Ey 


SU(8) 


3 


Eg 


S0(16) 



Table 2.1: Coset spaces of the supergravities. 



sentatives of E„/F„ to belong to the Borel subgroup of E„, i.e., exponen- 
tials of the Cartan and the positive root generators in E„. The number 
of scalar fields is then just the number of generators in the Borel subal- 
gebra. Dimensional reduction of eleven dimensional supergravity to two 
dimensions and one dimension is thought to be theories invariant under 
the affine extension of Eg, denoted Eg, and the hyperbolic group Eio, re- 
spectively. It has been proposed that the eleven dimensional supergravity 
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itself has some kind of exceptional geometry. The local subgroups F„ for 
n = 1, . . . , 8 are the subgroups invariant under the Cartan involution, 
and for the cases of n = 9, 10 one needs to introduce an involution in 
order to define possible local subgroups. The gauge fields and the scalars 
transform non-trivially under the E„ group, whereas gravity is inert un- 
der this global internal symmetry group. Our goal is to treat the gauge 
fields and gravity on the same footing as nonlinear realisations. 

We will in this chapter first look at the general theory of nonlinear 
realisations with a coset space symmetry. More detailed calculations are 
then carried out for the scalar part of type JIB supergravity and the 
bosonic sector of eleven dimensional supergravity. In the latter case we 
will have to make simultaneous realisation of the conformal group and 
the Gil group, which is the affine group IGL(ll) extended with some 
extra generators. 

The technique of nonlinear realisations can also be applied to the 
bosonic sector of IIA and IIB super gravities, the closed bosonic string as 
well as the branes in M-theory, by using different coset symmetries simul- 
taneously realised with the conformal group. To include supersymmetry 
in the eleven dimensional supergravity, we have to consider simultaneous 
realisation of the groups IGL(11|32) and OSp(l|64), where OSp(l|64) is 
replacing the conformal group [I]. 



2.1 General theory 

There is a complete duality between sets of fields, which transform lin- 
early while being subject to certain nonlinear constraints, and equivalent 
sets of unconstrained fields which transform according to nonlinear re- 
alisation. The bridge between these two sets of fields are some massless 
Goldstone bosons called preferred fields, which generally enter nonlin- 
early. If nonlinear realisations are introduced by considering linear real- 
isations of the preferred fields together with a constraint, the constraint 
implies that the vacuum state in the theory must be non-invariant, and 
the symmetry is spontaneously broken. The non-vanishing of some vac- 
uum expectation values indicates the vacuum asymmetry. If some long- 
range vector fields are present and the currents of the spontaneously 
broken symmetries are coupled to a gauge field of the Yang-Mills type, 
then the symmetry breaking manifests itself not through the appearance 
of Goldstone bosons, but in the generation of mass for some of the com- 
ponents of the gauge field. 

Consider a general Lie group G with some specified subgroup H. Sup- 
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pose that the hnear irreducible representations of G 

^^^' = D{go)^, goeG (2.1) 

and their decomposition into hnear irreducible representations of H are 
known. D{*) denote the representations of the group, to which the field 
\1/ belongs, and 5^0 is a group element of G. We want to find covariant 
objects undergoing spontaneous symmetry breaking from G to H. A rep- 
resentative g of the coset G/H is called a reducing matrix, and will obey 
the following requirements 

i. g belongs also to the group G, thus for any finite-dimensional rep- 
resentation go — >■ D{g()) the functional D{g) shall be well-defined. 
The number of independent fields (pa needed to parametrise g is 
equal to or less than the dimensionality of G. (pa are called the 
preferred fields. 

ii. Under the action of the group G, the reducing matrix transforms 
as 

g^g' = gogh-\(p,go); go E G , hi^,go) e H. (2.2) 

iii. Under the operation of the subgroup H, the reducing matrix trans- 
forms as 

g ^ hgh-\ (2.3) 

For any finite-dimensional representation, the transformation ()2.2j) will 
become D{g) — > D{go)D{g)D{h~^). We can project the nonlinear reali- 
sations out of the linear ones by defining 

2P = D{g-')^, (2.4) 

which transforms under G as 

^P^^jj' = D{g'-^)^' = D{h)'4). (2.5) 

We define the reducing matrix as 

g = e<^"^^ (2.6) 

where K"^ are the set of infinitesimal generators of G that are not con- 
tained in the algebra of H. The matrix representation of g contains at 
least one column x transforming linearly 

D{g)x - D{g')x = D{go)D{g)x. (2.7) 
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i.e., X is a singlet under H and D{h^^)x = X- Expressing the components 
of X in terms of the preferred fields, we can calculate transformations of 
the preferred fields under Eq. ()2.2|1 and the local elements h by /i(0, go) = 

The covariant derivatives are found using the outline given in |2] . The 
ordinary derivative transforms as 

d^ij -. D{h)d^^ + d^D{h)ij, (2.8) 

using which we define a new operator 

A.ij = D{g-')d,^ = d^ij + {D{g-')d,D{g))ij (2.9) 

with the transformation rule 

A^^jJ ^ Dih)A^^. (2.10) 

Note that \1/ transforms only globally according to Eq. (jSHJ)- The oper- 
ator g~^d^g belongs to the infinitesimal algebra of G, since 

g-\x)g{x + 5x) = l + 5x^{g-%g) + ... (2.11) 

for any infinitesimal transformation of G. We can then write g~^d^g = 
{g^^d^g)is\ where s* is a chosen basis for the algebra and {g~^d^g)i are 
the coefficients. In a specific representation of the field \E', the relation 
is D{g~^)d^D{g) = {g~^d^g)iS^ with S** being the representations of the 
basis. Using Eq. ()2.2|1 we find 

g^'d^g ^ h{g-^d^g)h-' + hd,h-\ (2.12) 

where the inhomogeneous term belongs to the algebra of the subgroup 
H. We can thus divide {g~^df^g)i into a set transforming covariantly and 
another set containing the inhomogeneity 

g-'d^g = r^„m" + AD^0,n^ (2. 13) 

The preferred fields used to parametrise the reducing matrix are denoted 
(pa, fn"" is a basis for the subalgebra corresponding to H and n" are the rest 
of the basis for the total algebra of the group G. It should be noted that 
m" and rf" are transforming independently. Eq. ()2.13|1 defines the field 
quantities V^a and D^cpa, with the latter to be interpreted as the covariant 
derivatives of the preferred fields. By doing so, the inhomogeneous term 
in the transformation will only affect F^^. Putting Eq. ()2.13|) into the 
definition of A^ifj yields 

A^V^ = d^^ + r^„M> + AD,,0,iV>, (2.14) 
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where M" and A^" are the representations of the generators m" and n"", 
respectively. Since the left hand side and the last term on the right hand 
side of the above equation are covariant, we find the covariant derivative 
of an arbitrary field under the coset 

D^i, = d^i, + T^^M''i,. (2.15) 

If the group G is space-time dependent 

^>{x)^D{g^)m{x), g, = go{x)eG, (2.16) 

the transformation of the ordinary derivative on a linear field will be 

d^^ ^ D{go)d,^{x) + d^D{go)^{x), (2.17) 

where the second term vanishes for a space-time independent group. Us- 
ing a basis S^ for the generators, the transformation law becomes 

d,^ ^ D{go)[d, + {g,%go)^S']^{x). (2.18) 

Introduce now the gauge fields A^ = A^jS*, which transform as 

A^ ^ goA^g^' + -god^go\ (2.19) 

where / is a constant. The covariant derivative for the linear field is then 

D^^ = (9^ + /A^,50^ (2.20) 

transforming as 2)^\I' -^ D{go)'D^'$. We can define the antisymmetric 
field strength associated with the gauge field 



flU 



d^A,-d,A^ + f[A^,A,], (2.21) 



which transforms as F^i, -^ g^F^yg^^. 

Introduce the nonlinear fields ip = D^g^^)"^. As for the space-time 
independent case, the covariant derivatives should be contained in the 
quantity 

A.ij = D{g-'){d, + fA,,S')^ = {d, + fB,,S')ij. (2.22) 

The gauge field 5^ is defined as 

B, = g-'A^g + jg-'d^g, (2.23) 
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and fulfills 

B^ ^ hB^h-^ + -hd^h-\ (2.24) 

The corresponding field strength is 

B^, = d^B, - d,B^ + f[B^, B,] = g-'F^,g (2.25) 

satisfying B^^ -^ hB^^^h^^. It is now easy to verify that A^ip satisfies 
Eq. ()2.1()j) . and we write Af^ip = D^ip + X{Dfj_(j)a)N°"ip- In conclusion, the 
covariant derivatives of an arbitrary nonlinear field and a preferred field 
are 

XD^(j)a = fB^a, 

respectively. 

Using the covariant objects (■?/', D^ip, D^(j)a and B^i,) we can construct 
general Lagrangians. Since the preferred fields themselves are not trans- 
forming covariantly, we cannot have any mass term (0^0°) ^^^ these, i.e., 
they are massless bosons. On the other hand, if the group G is space- 
time dependent, we can have a mass term for the gauge fields B^ and 
the preferred fields (pa will be absorbed by the gauge fields. -B^^ is then 
still massless, while B^a has a well-defined mass //A. 

2.2 Type MB supergravity 

The kinetic terms of the scalar fields in the type IIB supergravity are 
given in Einstein frame [3] by 

Cub = -\ [d^^cpdy + e^'>'d^xd^x) , (2.27) 

where and x ^i^re real scalar fields. 

The scalar part of the total Lagrangian possesses a SU(1,1)/U(1) 
coset space symmetry, with SU(1,1) being the non-compact global sym- 
metry and U(l) its maximal compact subgroup. This invariance can be 
shown by performing three consecutive coordinate transformations and 
thus writing the Lagrangian in a manifestly invariant form. The first co- 
ordinate transformation is to combine the real scalar fields into a complex 
field 

A = x + «e-* , \ = x-ie-'^. (2.28) 



The Lagrangian becomes 



Cub = TV^T^d.Xd^X. (2.29) 

(A-A)^ 
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A Mobius transformation is then performed 

i — \ — i — A 



i + \ ~i + \ 

yielding 



(2.30) 



duzd^z 
Cub = -2 ,/ ., . 2.31 

(1 — zz)"^ 

Introducing two complex scalars, 0o and 0i, satisfying 

z=p- and |0o|2- |0i|2 = 1 (2.32) 

brings the Lagrangian to the form 

CriB = -2|0o5^0i - ^id^M^. (2.33) 

We can now define a gauge field A^ in terms of the complex scalars 0o 
and 01 by 

^M = 2 [('^o<9/.0o - 0i'9^0i) - (00-9^00 - 0i<9^0i)] , (2.34) 

and the Lagrangian finally becomes 

Cub = -2{\d^h - iA^(j)i\' - |9^0o - ^^^001"). (2.35) 

From the construction of the gauge field, we conclude that A^ will not 
give rise to some new independent degrees of freedom. 

To see the symmetry of the Lagrangian, we write the fields 0o and 0i 
as components of a group element g of SU(1,1) 

This is an element of the group SU(1,1) since the complex scalar fields 
satisfy the condition |0op— |0iP = 1. For the Lagrangian to be invariant 
under the coset group SU(1,1)/U(1), i.e., to incorporate the local U(l) 
gauge invariance, we have to define a covariant derivative 

D^g = d,g-ig(J^ \) A^, (2.37) 

It is now straightforward to show that the Lagrangian can be written as 
Cub = -TT{g-'D,g){g-'D'^g). (2.38) 
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If one uses the usual partial derivatives instead of the covariant deriva- 
tives in Eq. ()2.38j) . one will only get a Lagrangian with manifestly global 
SU(1,1) invariance. 

The group element g transforms under SU(1,1)/U(1) as 

g^9' = go9h-\ (2.39) 

where 5^0 is a global SU(1,1) transformation whereas h is a. local U(l) 
transformation. The field A^ will transform as 

A^^A'^ = hA,h-'-i(^^ ^Ahd^h-\ (2.40) 

the local U(l) group element h are represented here by (2 x 2) matrices. 
The resulting Lagrangian is 

CuB^C'j,^ = -TT{g'-\D,gy){g'-\D^^gy) 

= -TTi[h{g~W,g)h-'][h{g-'D'^g)h-']) (2.41) 

= ^IIB, 

i.e., the Lagrangian is invariant. 

2.3 Eleven dimensional supergravity 

It is known since a long time that gravity can be formulated as a simul- 
taneous nonlinear realisation |2j. This is because the group of general 
coordinate transformations is the closure of the conformal group and the 
the group of affine transformations |5« Sj- A summary of the conformal 
generators and its closure with the affine group can be found in Ap- 
pendix El and O We will in this section show explicitly how the bosonic 
sector of eleven dimensional supergravity can be expressed as a nonlin- 
ear realisation. But ffist we will review shortly the field equations of the 
bosonic sector of eleven dimensional supergravity. 

2.3.1 The bosonic gauge field equations 

The bosonic sector of the Lagrangian of eleven dimensional supergravity 
is given by |7j 

£11 = —R(Q(f))-—F pm--/^4 I _^^Mi--mi p p a 

(2.42) 
where e = ^/^^det{g^, R is the curvature scalar, Af^^^^t^a is the rank 
three gauge field and F^^ ^^^^ the corresponding field strength. We use the 
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space-time signature rjab = diag(— 1, 1, 1, ... , 1). Note that by defining 
A' = nA^iyp, the constant k appears only as an overall factor k"^ in 
front of the whole action. The field equations can be obtained by varying 
the action with respect to the metric g^^, and the gauge field A^^^j^g, 
respectively. The calculations are greatly simplified if we write the action 
in terms of differential forms. (See Appendix ^ for an introduction to 
the differential forms.) We define the following p-forms 



d = dx^d^ 

As = jfdx^ A dx" A dx^' A^^p 

Fi = ^dx^' A dx" A dx^ A dx"" F^^p^ 

*F4 = Ir^c/a;^' A ... A dx^''ep,,„p,, F'^s-/^" . 

The three and the four forms are related as 



^2.43) 



Fi = dAs => Fp^p^ = idi^A^p^^, (2.44) 

which is invariant under the gauge transformation 

A3-*A's = A3 + dA2 => Fi^Fi = dA3 + d^A2 = F4. (2.45) 

More generally the field strength is invariant under a transformation 
A3 = ^3 + 6A3, such that d{6A3) = 0. 

The Bianchi identity for the four form F4 is given by 

^^4 = ^2^3 = => dirFp,p„] = 0. (2.46) 

Using the differential forms defined in Eq. ()2.43|1 we can write the action 
of the eleven dimensional supergravity as 

S = 2^ J d''xV^R{nie)) + ^ J F,A*F, + ^ J F,AF,AA,. (2.47) 

By varying the action with respect to A3 we find the equation of motion 
for the gauge field to be 

d*F4 + KF4AF4 = or 

f3 pn\...HA I Ke-'' H2...mvi...u.a p p — D \ ■ I 

■-^Ml^ T^ 4-122 ^ U\...V4,-'- 1/5. .MS '->■ 

Since only the field strength is present in the field equation, the equation 
of motion is invariant under the gauge transformation in Eq. (I2.45J) . 

We can also introduce a dual gauge field Aq and its corresponding 
field strength Fj obeying 

F7 = dAe + A^AFi or 
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The Bianchi identity for the seven form F-j will now automatically yield 
Eq. (jT^ provided that 

*^4 = -i^F, or 

^ ^J.l■■■^J.4 7! ^/ii.../iii^ ) 

which plays the role of the equation of motion in this dual formulation of 
supergravity. Note that unlike Eq. ()2.48|) . Eq. ()2.50|) is a linear equation. 



2.3.2 The Gn realisation 

Consider the Lie algebra with the non-vanishing commutation relations 

[K\,K^,] = 5^,K^,-5^,K'^, ; [ir^Pj = -4«n (2.51) 

together with 



rpciC2C3 JDC4,C5C6 

[RC1-C6 ^ Jldi...de 



g^[ci^|a|c2...C6] 



= 2i?^i-'=6 

= 
= 0. 

(2.52) 
The generators K\ and Pa are precisely those of the afiine group IGL(ll) 
(see Appendix in)) , whereas R'^^'^^cs g^^^j ^ci...c6 ^g^^^ ]^g identified as part of 
the gl(32) automorphism algebra of the eleven dimensional supersymme- 
try algebra jl|. We use Gn to denote the group defined by Eq. p. 5111 and 
Eq. ()2.52p . while gn is used when referring to the corresponding algebra. 
Note that gn is not a finite dimensional semisimple Lie algebra, later in 
Chapter 0] we will identify it as part of the Borel subalgebra of the very 
extended Kac-Moody algebra en. 

Take the group Gn as the global symmetry group and its Lorentz 
subgroup SO(10,1) as the local symmetry group, i.e., we investigate a 
theory with Gn/SO(10,l) space-time symmetry. The generators of the 
Lorentz group are the antisymmetric part of the generators K^-j^ of the 
conformal group 

J\ = K\ - K,\ (2.53) 

Following the general procedure, we take a representative g of the coset 
space as 

9 = e^'^^e^^'^-^exp f^A,^,^,,R'^^-^'^^ + ^A,^,,.,,R^^-A , (2.54) 
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with mj^, ^ciC2C3 and Ac^ c^ being the coordinate dependent Goldstone 
fields. Since the antisymmetric part of K\ belongs to the local symmetry 
algebra, only the symmetric part of K\ is needed to write a simplest 
representative for the coset. However, we will not assume that mj' is 
symmetric; a choice that will turn out to make the identification with 
general relativity easier. The translations are linearly realised, and thus 
we do not associate any preferred fields with them. 
We require the theory to be invariant under 

9^9' = 9o9h~\ (2.55) 

where Qq is a constant element of Gn and his a. local element of SO(10,1). 
The manifestly coset invariant Lagrangian takes then the form C = 
Tr(V^V'^), with the Cartan form V defined as P] 

V = g-^dg -uj = dx'' V^. (2.56) 

The Lorentz connection cu is a one-form 

u;^^dx'^uj^J'J%, (2.57) 

where J"^ are the Lorentz generators. Note that the Lorentz connection is 
a quadratic matrix, when writing out the matrix indices explicitly ()2.57j) 
becomes cj"^ = ^dx^ uj^/{J^j)"-^. 

To find out how ()2.56|) transforms under ()2.55|) . we will first investi- 
gate the transformation law of the Lorentz connection ()2.57|) . We write 
the vielbein as a one-form e° = dx^e "", and it transforms only under 
local Lorentz transformations according to 

e'' ^ e"^ = h\e''. (2.58) 

We can then define the torsion, which is nothing but the covariant deriva- 
tive of the vielbein 

T" = De" = de" + u\e\ (2.59) 

and express the Lorentz connection in terms of the vielbein by letting 
the torsion vanish 

da . a h r\ 

{^^%\ + ^[;. \h\%] =0 ^ 

(^tjibci^) = ^{e^'^d^epc - ef^d^epb) - lie^f^dpe^c - e^^dpepb) (2-60) 
-^{e\eP^dxepa - e^y^dxepa)e^''. 

The Lorentz connection is antisymmetric in its last two indices, and using 
this fact together with Eqs. ()2.53|) and ()2.57p we get 

u; = dx'^uj^J'K\. (2.61) 
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By definition the covariant derivative of e" (i.e., tlie torsion) lias to trans- 
form as tlie vielbein itself 

ya ^ y/a _ ^a^yb_ ^2.62) 

Using Eqs. ()2.58j) . ()2.59j) and (j2.f)2j) we find the transformation of the 
Lorentz connection to be 

oj ^> uj' = hujh^^ + hdh^^ or , , 

Having found the transformation of the Lorentz connection, we are 
ready to look at the transformation of the Cartan form V 

V^V = {g')-'dg'-J 

= {gogh-^)'^d{gogh-^) - {hooh-^ + hdh-^) (2.64) 

= h{g~^dg ~ iu)h-^ = hVh-\ 

By now it should clear that the Lorentz connection is included in the 
Cartan form to make it covariant and hence the Lagrangian invariant 
under (p3H|l 

C^ C = Ti (hV^h-^hVh-^) = C, (2.65) 

where we have omitted all the matrix indices. 

Motivated by the knowledge that the Cartan form in Eq. ()2.56|) will 
lead to an invariant Lagrangian, we can write it out using the coset rep- 
resentative given in ()2.54j) . The constituents of the Cartan form will then 
be identified with the covariant objects that appeared in the equations 
of motion. 



V = g dg — uj 



dx^'g~^^f,e''^^fe'^-''^"bexp(^ 3, 
dx^'g~^e^^^f[^^ + ((9^x^)Pe]e'"-''^" 



^^ + «■ -w 



xexp -^^^^ + -^^-^ - UJ 



3! ' 6! 

= dx^' g-^e'^^^fe'^-'^^df, + d^m^'^K^^ + (e™)/Pc] 

xexp \^-^Ac^c2C3-ti 12^ + ^Ac^c6-ti ^"' '^j ~ llJ 
= dxf^ g-'g{{en,''Pa + {df,mj> - uj^^')K\ 

+ ^\^^,A^^...c^ + 6(9^m[^^^A|fe|c2...c6] 
+20(9^A,,,,e3 + 39^m[^^'A|fe|,,,3])A,,,,,,]i?^i--«} 

(2.66) 
In calculating ()2.66|1 we have used that all the generators commute with 
the coordinates x^. We have also frequently used the Baker-Hausdorff 
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lemma jH] 

Xe^ = e^{X+[X,F] + i,[[X,r],r] + 
+ ^[...[[X,Y],Y]:...,Y] + ...} 

We will now make the following definitions 



(2.67) 



'e-%eV 


= 


d.mj' 


(2.68) 


< 


= 


(en; 


(2.69) 


%: 


= 


d.mj' - u^: = {e-%e): - u^^ 


(2.70) 


J^^l^ClC2C3 


= 


df,Ac^c2C3 + 3(e"^9^e)[^^ ^|6|c2C3] 


(2.71) 


n A 

-'-^/i^^Cl...C6 


= 


5/.^ci...cB + 6(e-^9^e)[^^^A|b|e2...c6] 








— 20y4[c;^C2C3-D|^|v4c4C5C6]) 


(2.72) 



where we identify e " with the vielbein. Putting these definitions into 
Eq. ()2.66|) we finally get 

V, = e/P, + n^J'K\ + ^D,A,,,,,,R'^^'^-'^^ + ^D,A,,...,,R'^^-^\ (2.73) 

From Eq. p.73|l we can read off the covariant derivatives of the Goldstone 
fields mj', Ac-,C2C3 and Ac-,...cs 

^a,' = e\n^: = e\{e-'d,e):-uj,C (2-74) 

J-^aAc^C2Cz = e ^D ^Ac-^c2C-i (,2.75) 

DaA,,...c, = e\b,A,„„,,, (2.76) 

where &^&"a = '^/^- These covariant derivatives are not field strengths, 
since they are not antisymmetrised. Only after a simultaneous nonlinear 
realisation with the conformal group will the field strengths be recovered. 
Note that we have defined cu^^'^ = e^^uj^^^. 
Performing a local Lorentz transformation 

g^hgh-^ with h\=(e^'^^'^''^^^X (2.77) 

we find that e " really transforms in agreement with Eq. ()2.58|) . and 
also the interpretation of all the contracted indices in V^ as tangent 
space indices is justified. A matter field B will transform under p.55|) 
according to B ^ B' = D{h)B, where D is the representation of the 
Lorentz group depending on the specific type of the matter field B. The 
covariant derivative of the matter field is then given by 

DaB^e'^^d,B + ^uj,,'^S\B, (2.78) 

where S\ are the representations of the generators of the Lorentz group 
associated with B. 
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2.3.3 The conformal realisation 

Let us now turn our attention to the conformal group. The conformal 
transformations in space-time include translations, Lorentz transforma- 
tions, dilations and special conformal transformations. The generators 
and their commutation relations can be found in Appendix El Here we 
will first use a slightly different approach to obtain the generators, and 
then perform the nonlinear realisation based on these. We assume the 
dimension to be (10,1), but the results can be directly generalised to 
arbitrary {d — 1,1) dimensions. 

As mentioned in Appendix ^ the conformal group in (10, 1) dimen- 
sions is equal to the Lorentz group in (11, 2) dimensions. A linear repre- 
sentation of 0(11,2) acts on a field as 

^iO^^\0=D{A)^{A-\), (2.79) 

where Ca denotes the 13-dimensional coordinate vector and A is a pseudo- 
orthogonal transformation on these coordinates 

Ca-Ca = K^^Cb. (2.80) 

We will in this subsection use the signature tjab = diag(l, — 1,...,— 1,1). 
The notation D{*) is used to denote the matrix representation of a group 
element or a generator associated with the field ^I/(C)- 

The generators of the Lorentz group are as usual defined through the 
representations of infinitesimal transformations A = 1 + e as 

D(A) = l + e^^J^B. (2.81) 

The generators Jab are given by 

{Jab)cd = VacVbd - VadiIbc (2.82) 

in the 13-dimensional self-representation and obey the commutation re- 
lations 

[Jab, Jcd] = {jibcJad - tibdJac + VadJbc - VacJbd)- (2.83) 

These generators can also be realised using the coordinates in 13 dimen- 
sions 

Jab = Oab = CaOb - CbOa- (2.84) 

We can now identify the generators of the conformal group in (10,1) 
dimensions with different parts of Jab 'M 



Lorentz generators: J^^, 

Translation generators: P^ = Ji3^ + Jufj, 

Special conformal generators: K^ = Ji3^ — Ji2^ 

Dilation generator: D = Ji3,i2, 



(2.85) 
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where the index fi runs from to 10. Introduce a new set of independent 
coordinate variables 

x^ = —^, K = Cu + Cl3, A = Ci2-Ci3. (2.86) 

Calculating the transformations of (a under e*^^, with X being the gener- 
ators in ()2.85j) . verifies that x^ transforms indeed as a coordinate vector 
in 11 dimensions. Putting Eq. ()2.86|) into Eq. ()2.84|) we find the gen- 
erators of the conformal group in terms of x^, k and A. It is possible 
to eliminate the variable A by requiring ('^ = 0, since this condition is 
invariant under 13-dimensional Lorentz transformations. This will allow 
us to set A = Kx^, and we finally arrive at 



5i3m + "^ISm = '^A' 
f^l3/i ~ f^l2^ 



2x,{x'^d,-K£)-x^d, (^-^^^ 



<9i3,i2 — x^dy — K^, 

which are precisely the generators of the conformal group given in ()B.20jl . 
We define the degree of homogeneity as / = nd/dn with the coordinates 
x^ having degree zero. For a homogeneous field $(C) of degree /, the de- 
pendence of n will factor out as k' on the hypercone C^ = 0, see reference 

i- 

Let us consider the reducing matrix^ 

g = e-"''^»e'^'^''e"^, (2.88) 

having the conformal group as the global and the Lorentz group as the 
local symmetry, respectively. The preferred fields a and 0" are coordi- 
nate dependent, and we do not associate any field with the translation 
generators. As will become obvious later, the factor e"^"'^" is included to 
give a simpler form for the covariant derivatives. Note also that we have 
chosen a coset representative, which does not contain any contribution 
from the local Lorentz subgroup {J%)- The reducing matrix transforms 
under the coset according to 

^(0 - g'iC) = A9{A-\)h-\A-\, A), (2.89) 

where A corresponds to a global conformal transformation in (10,1) di- 
mensions, his a. local Lorentz transformation and (' = A(. The nonlinear 
field ip is then defined by 

^iC)^Dig-')^iC), (2.90) 



^For the conformal algebra, there is no difference between the algebra index a and 
the space-time index /z, hence in this subsection both a and /i are raised and lowered 
using the metric given in H2.113|l . 
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where \1/(C) is the hnear field defined in Eq. ()2.79p . The field ip{C) trans- 
forms irreducibly under the Lorentz group as 

^{0^^'{C) = D{h)^{A'\). (2.91) 

The transformations of the preferred fields 0^ and a can be found 
if we require that ((7)^^^ and {g)j^^^ transform as true 13- dimensional 
vectors, i.e., h{(,A) acts only in the subspace {0,. . . ,10}. Using these 
columns we can define two independent linear fields 

^ + x^02)g-<x \ (2.92) 



(,2^ 



i(l + 2x-0 + xV + 



2 



e 



and 



^A = Ug/' + g/'] = I la+W^ I . (2.93) 

i(l-x2)e'^ 

We are now ready to find the covariant derivatives. It should be 
stressed that the notation h^^^ means the 13-dimensional matrix repre- 
sentation, whereas the notation D{h) means the representation associ- 
ated with the field \I/(C)- Let us first define the operator Aab^^ as 

AABi^ = D{g-')dAB'^, (2.94) 

where \1/ is an arbitrary linear field and Oab is defined in ()2.84|) . Under 
the coset, this operator transforms as 

AabiP -- D{g'-')dAB'^' = A/'Ab^'/^(/i)A^,b'V', (2-95) 

where we have used Eqs. ()2.79|) and ()2.89|1 . To avoid A^^ in the trans- 
formation laws we define a new operator 

A^AB)i^ ^ {g-^)/{g-')/AA'B'i^- (2.96) 

Using the transformation laws ()2.89|1 and ()2.95|1 we find 

A^AB)i' ^ h/h/D{h)Ai^A'B')'4^. (2.97) 

To simplify the calculations one observes that 

Bab = ^(e-^-^)/'(e-^-^)/'(ir^9^ + 21D)a^b', (2.98) 
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putting which into Eqs. ()2.94p and ()2.96|) yields 

X [|(e-^)c,^^(e-^)c,'^^(^^5, + 2lD)c,c,] ^ (2.99) 

It is now clear that the expression ()2.99p gets much simplified by putting 
a factor e~^'^ in the definition of g. We separate ()2.99|1 into irreducible 
parts according to 



(n-^\f^-^(Pl -L 97/A UT/ 

2.100) 



(A(i3^)+A(i2^))^ = D{g-^)e-^{d^ + 2l(l)^)^ 



(A(i3^) - A(i2^))V' = 

A(i3,i2)^ = -l-D{g-^)^ = -l^. 

It is then natural to find the covariant derivatives inside the term 

A^^ = D{g-')e-''{d, + 2%)D(^)^, (2.101) 

which transforms as 

A,^ ^ [h,,^\^ + h,,^h^^] D{h)A^AB)^ = h;D{h)A,^{K~K). 

(2.102) 
To calculate this transformation we have used the fact that /i^^ only acts 
on the (/iz/) subspace and takes the form of a 11-dimensional Lorentz 
transformation. 

To obtain the covariant derivatives in 11 dimensions we write (I2.101|) 
as 



A^i; = e-''{d^ + 2l(f)^)^ + D{g-')e-''d^D{g)ij 
= e--{d, + 2l<p^)i: + Ug-'e--d,g)\S^^i^ 



ir^-i^-o-A ^\A Q Bj, (2.103) 



where S^^ generates infinitesimal S0(ll,2) transformations on \E'(C)- 
The Cartan form is given by 

V = g-'dg 

= dx^" g-^d^e-''"^-e'^'^*'e''^ 

= dx^" ^-ie-^"-P" [d^ - {d^x^)P^]e^'^''e''^ 

= dx>'g~^e-''''P^e't>'^'^[d^ - {d^x^)Pc + d^(j)'K, - 2(1) ^D (2.104) 

+25^(1)'' Jed - 2^^rK, + (P'(P,5f,Kd]e'^^ 
= dxf' {-e^S^Pa + e-''{d^r + 0V6'5^ - 2(t)^.r)Ka 

+ {d,a - 20^)D + (5^0^ - 5jr) J,4, 

where the identity element g~^g has been omitted. Observe that V^V^, 
with the Cartan form defined without the spin connection, is not invariant 
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under the coset transformations ()2.89|) . The covariant parts oi g ^e "d^g 
are 

{g-'e-'^d,^)A = ^[ig-'e--d,g)/'-ig-'e-'^d,g)/'] 



■ e-2-(9^0, + r4>rVi.u - 20^0.) \ (2.105) 



and 



{g-'e-'^d,^)A = l[{9-'e-'^d,g)/' + {g~'e--d,g)/'] 

g^u \ (2.106) 

e-^{d^(r - 20^) 
e--(9^(T - 20^) 

We use these to define the covariant derivatives of the fields a and 0^. 
The remaining part 

ig-'e--d,g)x, = e-'^iS^^r - S;cPn{Jur)xp 

= e-^((5;:0- - 5ir) ijluxVrp - V.pVrx) (2.107) 

becomes covariant together with the other terms in Eq. ()2.103p 

D^^ = e-'^(9^ + 2%)V^ + i-2e--(5^0p-r/^p0^)W .g 1081 
= e-'^(9^ + 2/0^^ + 2^/0>. ^ ■ ^ 

We have used that the generators S^i, obey S^i, = —S^^. 

In summary, the covariant derivatives of the various fields in 11 di- 
mensions are 



S^a = 


e-'^id^a - 20^) 


(2.109) 


'i^^.<P. = 


e~^''{d^(f)u + 0^0r^^^ - 20^0^) 


(2.110) 


S/.^ = 


e-'^(9^ + 2/0^ + 25/0,)^, 


(2.111) 



where ipiC) is homogeneous of degree /, whereas the fields a and 0^ are 
both of degree zero. 

We can now calculate the transformations of the preferred fields, or 
more generally how an arbitrary field transforms under the coset, with 
the conformal group as the global symmetry and the Lorentz group as the 
local symmetry. The detailed calculations can be found in Appendix iDl 
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The transformations of the preferred fields with special conformal trans- 
formations as the global transformations are 

a'{x') = a(x) + ln|det(||)|-V4 

<P'.i-') = i^W-) + l^[ln|det(t;)|-V4]}, ^'-'"'^ 

where x'^' = ^^^fct+bt^ ^^^ (^^ I ^^^ (It) I"^^^) = 1 + 2& ■ a; + 62a;2, Thus 
we see that the preferred fields transform with great similarity to the 
gauge fields, and it is motivated to try assign geometric meanings to 
these fields. 

We would like to create a metric tensor and a connection using only 
a and 0^, i.e., without introducing any new dynamical variable. The 
easiest choice of a metric tensor is 

9^.u = V^.ue'''^''^ => (^A^- = r^A^-e-2'^(-), (2.113) 

using the transformation laws for a given in Appendix Owe can verify 
that gfj_i, indeed transforms as a rank two tensor. Having the metric, the 
Christoffel symbol will be 

We can also define an alternative connection using the preferred fields 0^ 

^lu = C{bl<\>, + bl<\>^ - gp,<f). (2.115) 

The constant C can be determined by requiring the connection to trans- 
form as 

dx'^ dxP^ dxP-' ^, d^x'^ dx^^ dx^^ 

yr __^ Y'^ = F^i 2 1161 

M^ A'^ dxpi dx'i" dx'^ P^''^ dxP^dxP^ dx'i" dx'"' ^' ' 
which sets C = 2 to yield 

r;;, = 2((5;0, + 5:0, -g,u4>'). (2.117) 

Comparing the expression for the Christoffel symbol with T]^^ leads to 

/^} = r;;, ^ d,a = 2<Pp. (2.118) 

If the connection is not equal to the Christoffel symbol, then the geom- 
etry is non-Riemannian. This means that the covariant derivative of the 
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metric tensor with respect to this connection will not vanish. Whenever 
there exist two connections, we can form a general connection 

= [flu] + f fc(^'^^ - 20.) + Kid.a - 2<P,) - g,,g^P{d,a - 

(2.119) 
where / is an arbitrary scalar function. From the nonlinear realisation 
we know that the second part of this general connection transforms as 
a tensor, since 2)^0" = d^a — 20^ is the covariant derivative of a. We 
can thus really put 9^0" = 20^ and use the Christoffel symbol as the 
connection, this choice is the same as to let the torsion vanish. However, 
we will continue the calculations with a general F^^, i.e., assume 0^ to 
be unrelated to a. 

The covariant derivative of an arbitrary tensor under general coordi- 
nate transformations is ^ 

T>;r = d,T-F\TlJ, (2.120) 

where F'^^ defines the representation of GL(11,]R) to which T belongs, 
and satisfy the commutation relations 

[n,F;] = 5:F';-5;FV (2.121) 

We see that these generators are precisely K\ introduced in ()2.51|) . To 
get the covariant derivatives under conformal transformations, the parts 
in F^^ corresponding to Lorentz transformations and dilations are pro- 
jected out by our specific choice of the connection F^^,. We take the 
eigenvalue of F\ to be {-I). Putting Eq. (J2.117J1 into ^TVM^ we find 

2)^7/> = d.iP - F\Tl^^P 

= d^ij-2F\{6l<P, + 6l<P^ -9,ur)^ (2.122) 

= a^^ + 2%V> + 2S'/0.V', 

where we have defined S^^ = F^^ — F^^. This is exactly the covariant 
derivative found using nonlinear realisation. To extend the covariant 
derivative for general coordinate transformations, we have to introduce a 
vielbein, i.e., we have to include the symmetric part of F'^^^. This is not 
possible using only the conformal group, since no appropriate connection 
can be defined for this purpose. 

We define the Riemann tensor piU ITT] 

^fiTU — ^M-'- TU ~ ^r-l fiu ~^ ^ TU^ fia ~ ^ fiu^ ra (2.123) 
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the Ricci tensor 

and the curvature scalar 



R,u = KrJ (2.124) 



R = g^''R^... (2.125) 



We can decompose the Ricci tensor into three hnearly independent rank 
two tensors 






(2.126) 



For a non-Riemannian geometry, i.e., df^a ^ 20^, the antisymmetric part 
of the Ricci tensor will not vanish. We can combine these tensors to form 
covariant objects, e.g., 

2)^0^ = I (2/2(^1.) - ^f^uR - R[m) /2 127) 

which is the covariant derivative of (p^. 

In conclusion, we get the same covariant derivatives of both preferred 
fields and more general fields of degree /, despite if we use nonlinear 
realisation techniques or explicitly define a metric tensor and a connection 
based on the preferred fields. 

2.3.4 Simultaneous realisation 

Having now found the derivatives covariant under the Gn group and the 
conformal group separately, we want to construct quantities covariant 
under both these groups simultaneously Pl E] ■ The role the preferred 
field a played in the conformal realisation makes it natural to identify it 
with the diagonal elements of the metric 

V = V + ^^M' V = 0, (2.128) 

where m "■ is the Goldstone field defining the vielbein from the Gn re- 
alisation. The fields rh "■, A^^c^c,, and A^^ ^f, transform under conformal 
transformations as their indices suggest. 

The covariant derivative of Ac^c-^cz is according to ()2.75|1 

-L^a^ciC2C3 = S ai^M^ciC2C3 + i\^ ^M^/ [ci ^|6|c2C3]| 

= e^Je-'^a,A,,,,,3 + 3e--[(e-ia,e)j^>|,|,,,3] (2.129) 
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where e "^ = (e™) " = (e™) "e~°". Knowing the covariant derivative of 
an arbitrary field under conformal transformations ()2.11H1 and assuming 
d^a = 20^, we find 

(2.130) 
where Acic2C3 has the degree / = 0. Let us consider the above equation 
at order (rh)^ 



'(^a^-^ciC2C3\- 



^a-^ciC2C3 '^ ^ a-^ciC2C3 ' "J^ [ 'la{ci^ '^ ■^\b\c2C3\ ' (^{ci'~^ -^\a\c2C-i\ 



(2.131) 
The contributions from the last three terms vanishes only if we completely 
antisymmetrise in the indices a, Ci, C2 and C3 

-D[a^ciC2C3] = 2}[ay4ciC2C3] +3e"'^[-?7[aci<9VA|fe|c2C3] 

+d^c^(TAac2C3] + 9[aCTAciC2C3]] (2.132) 

= -i^[a^ciC2C3]- 

The quantity simultaneously covariant under both the conformal group 
and the Gn group is 

F = 4£)r A 1 

= 4{e^[^^9|,|^,,3,,] +3e^[^^(e-i9|,|e),/A|,|,3,,]} ^""^'^^^ 

A similar analysis for the field A^^^^^cq yields a field strength with seven 
indices 

= 7{e%5|^|A,,...,,] +6e'^[^^(e-i5|^|e),/A,,,,3„,,,] (2.134) 

+ <3-r[ciC2C3C4^C5C6C7] J- 

For a matter field V' of degree I = the covariant derivatives under 
the conformal and the Gn group are 

Da'ip = e'^a^t,^ + l^ab^S^ip the Gn group ,^ ^^^. 

Tffj^ijj = e~"{d^ + S^'^dpa)ip the conformal group, 

respectively. Using e'^^ = e'^^e'^ we find 






(2.136) 
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requiring the expression to be covariant also under the conformal group 
will yield a constraint, putting the part in Eq. ()2.1H(ij) which is not co- 
variant under the conformal group to zero. The consistent constraint 
is 

^a[bc] — ^b{ac) + ^c{ab) = 0, (2.137) 

which gives the relation between the spin connection and the vielbein 
()2.(j()j) if we insert the definition Qabc = e''ae''^9^epc — ^abc- We can also 
rewrite fiabc as 

+dpaepc + dccrepf,] + r]bcdaa - Uabc, 

where 1)^epc denotes the covariant derivative of e^c under the conformal 
group. Putting this into Eq. ()2.137j) gives the relation 

ujabc-2va[bdc](r = e^„e''j^D|^ep|c]-e''fee''(^D|^epje)+e''ce^(^Dj^epjfe), (2.139) 

which we can use to write 

(2.140) 
This shows that Daip is simultaneously covariant under both the Gn and 
the conformal group if the constraint ()2.137p is satisfied. 

To identify with general relativity, we define the covariant derivative 
of a vector A^ = e^"'Aa as 

D^A, = e^eJ'baAb 

= e;eJ>[e\d,Ab + \uJ{S'^,)jAf] ^^ Ml) 

= 9pA,-(e''Ae,'^-e/e,^e>,,'=)A, 

= dp,Ai, — T^^^Ap, 

where {S^^)/ = {rj^bVd ~ V^^Vdb) for vectors. Using the relation between 
the spin connection and the vielbein ()2.60p . we can show that T^ is just 
the Christoffel symbol 



1 



r^, = e'^^d.e,^ - e^ej'e'^^u,,' = -g^{d,g.r + d,g,, - 8^9,.) (2.142) 



with Qp,^ = e^ej'rjab being the metric tensor. 

The invariant equations of motion can now be formed out of the field 
strengths, -Fc^c2C3C4 and -Fc^..,c7, and the Riemann tensor 






Rin,h = dnUJ,,f'^ — dyUJ,, + UJ,, UJP — UJ,.f. U,^ 
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The spin connection will enter only through these quantities. The equa- 
tions of motion have also to be covariant under local Lorentz transfor- 
mations. The only possible non-trivial equations are then 

-rciC2C3C4 = 3y£ci...Cll-r [2.14:4:) 



and 



C ( p p C1C2C3 _1 p pClC2C3Ci\ (/.i45j 

I -^ aciC2C3-' 6 Q'lab-^ C1C2C3C4-' / j 



4 



where C is a numerical constant. The first equation is precisely Eq. ()2.50|1 . 
while the second equation is the Einstein's equation of gravity. 

2.3.5 Gauge symmetry 

The reducing matrix in the Gn realisation 

9 = e^'^^e'-^'^^exp Q^A,^,^,,R'^^-^'^^ + lAe,...e,i?^-^«) , (2.146) 
transforms as g -^ g^g under a pure global transformation. If we take 

go — ^-^P \ ^^'^^il^l2^J.3"ala2a3 -^ -t- C^^...^gO^^ ^gJT 1 yz,.l^l) 

then 

'Q\\^ai---a6 ~r ^ai...afi + ^UCjfjj^ajas ^40506]/-'^ J • 

(2.148) 
The variations of the Goldstone fields are 

SK' = 

where c^,^^,^^^ = e^^^^^e^/^e^^osc^^^^^^^ Ugjng gq. ()l).2njl with / = -p, the 
fields with curved indices will transform under special conformal trans- 
formations according to 

6A^„..^^ = {2x-f3,x^^d, - x''(3^^d^)A^„„,^ + 2p(3^x^A^,...^^ 

+2p(/5[^,a;''A|p|^2.„^^] - X[^,/5M|p|^2...^^]), 

where p = {3, 6} and A^„„^^ = (e™)^/^ . . . (e™)^/^ePM,,...o^. 
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We assume 


now that ^A^^...^^ = 


C/ii. 


..^p. Defining A^.. 


•Mp — 


X'' 


Cp^l2.■■^lpJ 


the transformations can be written 


as 












5cA^,. 


..Up 


— C^i.../ip — "^[Mi^/^a- 


■ ■f^p] 


= ^[m 


^ C|p|^2...^p] 








'5/3^Mi. 


..fip 


= {2x''(3,xf'd^-x^^ 


d''d,)A,„ 


..MP + 2p(Ami 


x/'Ai 


p\^J■2 


...fip] 






~^[MiP ^|p|M2---/ip] 


) + 2pf3^'x^A^,...^^. 
























(2.151) 



Taking the commutation relation between these we get 

[(^cM^Mi-Mp = 4('5/3^Mi-/^p) -'^/3(Mmi...Mp) 

= Zpf^Pj^jX C|p|^2.--/ip] "" ^[miP C|p|^2---/ip] + P ^fiCfj,i...flp) 

(2.152) 
with 

Agl.Mp = {'2px''P,x^-x'pncp,,...,^-2{p-l)xi,,P^x''c\,p\,.,...,^]. (2.153) 

We have in the calculations used that S^c^i...^^ = and dpc^j^^,,,^^ = 0. 
Generally (5/3((5^(r)A^^...^p) = 0, which results in 

[(^AM^M^Mi-Z^P = '^A('-)('^/3^Mi-Mp) 






where 



a£"^2p = {2x-/5,a;'^9^-x2/5^9^ + 2(p-l)x'^/?4AS...^, 

+2{p - i){A,2a:-A[;L....pi - ^[../5''A(;)^3...^^,} 



(2.154) 



^2.155) 



is defined recursively. It is then clear that one can obtain gauge transfor- 
mations Aii2;,^p of A^^...^p at arbitrary order r in x^, by taking repeated 
commutators with the special conformal transformations. We have thus 
shown that simultaneous realisation under the Gn and the conformal 
group leads to local gauge transformations of the fields. 
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Lorentzian Kac-Moody algebras 



The field content of tlie eleven dimensional supergravity suggests that 
M-theory possesses some rank eleven symmetry algebra. There are also 
mounting evidence that Kac-Moody algebras of infinite type and gen- 
eralised Kac-Moody (Borcherds) algebras might appear in the guise of 
duality symmetries in string and M-theory. It is therefore conjectured 
that M-theory includes a rank eleven Lorentzian Kac-Moody symmetry 
denoted En. Some fragments of this symmetry have indeed been found 
in the maximal supergravities in ten and eleven dimensions. Before we 
continue with eleven dimensional supergravity, we will in this chapter 
look at the general theory of Lorentzian Kac-Moody algebras mainly fol- 
lowing the reference ^H] ■ Some special attention will then be given to the 
group Ell. Since all the hyperbolic Kac-Moody algebras have a real prin- 
cipal so(2,l) subalgebra, it is interesting to see the constraints obtained 
by imposing the existence of an so(2,l) subalgebra on the Lorentzian 
Kac-Moody algebras. 

3.1 General theory 

A finite dimensional simple Lie algebra g is defined through its Cartan 

matrix |Hj 

2 

Ai = , A ai.aj), (3.1) 

where ai are the simple roots of the algebra, this definition implies au- 
tomatically that An = 2. The fundamental weights are defined by 

2 

(ttj, Aj) = 6ij, (3.2) 
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using which we can express the inverse of the Cartan matrix as 

Since the simple roots constitute a basis for the root lattice, the highest 
root of a finite dimensional Lie algebra can be written as 



= ^niai, (3.4) 



where r is the rank of the algebra and rii are called Kac labels 

n. = -^— (^,A,). (3.5) 

[ai,ai) 

The Coxeter number is defined as 

r 

h{g) = l + J2^i (3.6) 

1=1 

with Yll=i ^i being the height of the highest root. In the same way as the 
simple roots form a basis for the root lattice, the fundamental weights 
span the weight lattice and we define the Weyl vector by 

1=1 

We can now generalise the definitions to a Kac-Moody algebra, which 
is specified through a Cartan matrix satisfying [Ti] 

■An = 2 

Aij = negative integers or zero, i j^ j (3.8) 

Aij = ^ Aji = 0. 

In addition to these criteria, we will here consider only symmetric gen- 
eralised Cartan matrices, i.e., Aij = Aji. The assumption that Aij is 
symmetric means that we have chosen all the simple roots to be space- 
like with (oj, Oj) = 2. If the Cartan matrix is positive definite, the alge- 
bra is finite dimensional. If the Cartan matrix is positive semi-definite, 
the algebra is of afiine type. Moreover, we call the Kac-Moody algebra 
Lorentzian, if the Cartan matrix is non-singular and possesses precisely 
one negative eigenvalue. Among the Lorentzian algebras, the hyperbolic 
ones are characterised by the property that the entries of the associated 
inverse Cartan matrix have a definite sign ^3^2] ? A~-^ < 0. In the case 
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of finite dimensional or affine algebras, the algebra is referred as simply- 
laced if the Cartan matrix is symmetric, and the only allowed values for 
the off-diagonal elements are and (—1). AH the roots are then of the 
same length, and the simple roots will span an even lattice Afi{A). 

The generators of the Kac-Moody algebra can be divided into the 
generators of the Cartan subalgebra Hi and the generators of the positive 
roots Ea and the negative roots F^. The roots are defined as eigenvectors 
of the Cartan generators under the adjoint action. All the root generators 
can be obtained from those corresponding to the simple roots {Ei,Fi) 
using the Lie brackets. The generators are taken to obey the Chevalley- 
Serre relations 

[Hi,Hj] = 

[Hi, Ej] = AijEj 

[Hi,Fj] = -A,Fj (3.9) 

[Ei, Fj] = 6ijHi 

(adxJ^-^-X, = forz^j, 

where Xi is either Ei or Fi, and (adxj denotes the adjoint representation 
of the generator Xj. The Chevalley-Serre relations are invariant under 
the Cartan involution 

Ea — >■ —Fa, Fa — > —Ea, Ha — > —Ha, (3.10) 

with a being any positive root. The generators {Ea—Fa) will then be even 
under the Cartan involution and form the maximal compact subalgebra 
of the original Kac-Moody algebra. The remaining generators {Ea + Fa) 
and Ha are odd under the involution. 

The information contained in the Cartan matrix can also be presented 
as an unoriented graph with r nodes called a Dynkin diagram. Each 
simple root is represented by a node, and the number of links between 
the nodes i and j equals max{|yljj|, |^jj|}. The Dynkin diagram of a 
Lorentzian Kac-Moody algebra is a connected diagram possessing at least 
one node whose deletion yields a diagram whose connected components 
are of finite type except for at most one of affine type ^31 • The Dynkin 
diagram of a hyperbolic Kac-Moody algebra, on the other hand, is a 
connected diagram such that deletion of any one node leaves a (possibly 
mutually disconnected) set of connected Dynkin diagrams, each of which 
is of finite type except for at most one of affine type. 

Let C denote the overall Dynkin diagram, yielding the reduced dia- 
gram Cr after having deleted one node. The node deleted is called the 
central node, and the reduced diagram can possibly contain mutually 
disconnected diagrams Ci, C2, . . . , C„, see Fig. 13.11 The Cartan matrix 



32 Chapter 3 Lorentzian Kac-Moody algebras 




Figure 3.1: The Dynkin diagram C of a Kac-Moody algebra. After hav- 
ing deleted the central node, the reduced diagram will consist of three 
disconnected diagrams. 



of Cr is obtained from the Cartan matrix of C by deleting the row and 
column corresponding to the central node. The number of links between 
the central node c and node i is denoted by 

Vi = -Aci, (3.11) 

where Aij is the Cartan matrix of C and is symmetric by assumption. 
Since the Cartan matrix is non-singular, we can write the fundamental 
weights as 

r 

\ = J2i^'%(^J (3-12) 

satisfying Eq. ()3.2|) . For hyperbolic algebras all the fundamental weights 
lie inside the same light-cone, since A~j^ = . ^^ s (A^, A-,) are all negative 
or zero. For Lorentzian algebras which are not of hyperbolic type, some of 
the fundamental weights have to be space-like. We can now form a weight 
lattice A^{A), which is dual to the root lattice, using the fundamental 
weights. It is interesting to form the quotient 

A^{A)/Ar{A) = ZiA), (3.13) 

where Z{A) is a finite abelian group containing |2'(y4)| elements and 
relates to the Cartan matrix of C via 

detA = ±\Z{A)\. (3.14) 

We can also define the Weyl vector p 
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satisfying {p,ai) = 1. Whether all the coefficients ^[=i(^^^)ij have 
the same sign or not is crucial for the existence of a principal so (2,1) 
subalgebra. In the finite case the coefficients ^i=i(^^^)jj are all positive, 
while they are all negative in the hyperbolic case. In the Lorentzian case 
mixed signs are possible, but at least one of them is negative. More about 
real principal so(2,l) subalgebras can be found in Appendix lEl 

3.2 The root system 

We will now construct the simple roots of a rank r Dynkin diagram C of 
Lorentzian type, by using the simple roots of the corresponding reduced 
Dynkin diagram Cr. 

3.2.1 The reduced algebra is finite 

Let us ffist assume that the reduced diagram corresponds to a finite 
dimensional Lie algebra. Since C/j is of finite type, the simple roots 
ai, 0^2, . . . , «r-i are linearly independent and span a (r — l)-dimensional 
Euclidean space. We let these roots also be the simple roots of the overall 
diagram C, and then add the central node to the set of simple roots. The 
central node can be taken as 

1 — ^1 r— 1 

ac = -i^ + x, with p = '^r]iXi = -^AciXi (3.16) 

satisfying the constraints (oc, a^) = A^. We have used Aj to denote the 
fundamental weights of the reduced diagram Cr, while x is a direction 
orthogonal to the root space of Cr. Demanding the central node to be 
space-like leads to 

2 = A,, = {ac,ac) = u^ + x\ (3.17) 

which determines the sign of x^. The root space of C is Euclidean or 
Lorentzian depends on whether x^ is positive or negative, this is because 
we have assumed the root space of Cr to be Euclidean. If x^ vanishes, the 
root space will have a positive semi-definite metric, and thus corresponds 
to an affine Lie algebra. 

We use Ichjh, ■ ■ ■ Jr-i to denote the fundamental weights of C, 
and similarly let Ai, A2, . . . , A^-i denote the fundamental weights of Cr. 
These two sets are related to each other by 

li = Xi+^^^x, lc = \x (3.18) 

x^ x^ 
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providing that x^ is non- vanishing, i.e., the overall diagram is not of affine 
type. The overall Weyl vector is then given by 

where p = J2l=i ^i i^ the Weyl vector for the reduced diagram Cr, not- 
ing that (ttj, ctj) = 2 for symmetric Cartan matrices. Taking the scalar 
product of the Weyl vector with the fundamental weight Ic 

wy = iii^. (3.20) 

x^ 

we see that at least one of the coefficients in the expansion of the Weyl 
vector R in terms of simple roots is negative if x^ is chosen negative, 
since {i^, p) is positive when the reduced diagram is of finite type. 

3.2.2 The reduced algebra is finite or afFine 

Assume now the connected components of the reduced diagram are al- 
lowed to be of both finite and affine type. Since the Cartan matrix B for 
the reduced diagram Cr is obtained from the Cartan matrix A for the 
overall diagram C, we can relate the determinants of these two matrices 
by 

detA = x^detB = {2-u^)detB. (3.21) 

This can be shown by using the definition A^ = . ^^ . (o:^, aj), writing out 
the simple roots in an orthogonal basis and observing that x is orthogonal 
to all the simple roots of Cr. Noting {B~^)ij = . ^^ s (A^, Aj) we find 



r-l 

detA = I 2 - ^ r]i{B-^)iji]j ) det B 

r-l 

2 det fi - ^ Vii^dj B)ijr]j, 



(3.22) 



where the adjugate matrix (adj B)ij = det B{B^^)ij is the matrix of 
cof actors for B. If i? is singular we just drop the first term on the right 
hand side. When Cr is disconnected with the connected components 
Ci, . . . , Cn, the Cartan matrix B can be written in a block diagonal form 

E = diag(5i,52,...,5„), (3.23) 
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where Bp is the Cartan matrix of the /5:th component Cp. Adopting the 
notation Ap = detS/j, Eq. ()H.22|) becomes 

detA = A,...A^\2-y:{ >: !^Mi^£)^^ I, (3.24) 

allowing evaluation of determinants of Cartan matrices iteratively. For 
consistency we put A„ = 1 and adji?„ = if the diagram is empty. Also, 
if p of the connected components of C/j correspond to affine algebras, 
then det A will have a (p — l)-fold zero. Unless p = 1 the overall algebra 
is neither affine nor Lorentzian, since it will have one negative and (p — 1) 
zero eigenvalues. 

Using Eq. ()3.24|) on the Dynkin diagram for the exceptional algebras 
ejv and choosing the tip of the shortest leg to be the central node, one 
finds 

det A{eN) = 9 - N. (3.25) 

This indicates that ejv is Lorentzian for A^ > 10. 

We construct now the simple roots of C by using the simple roots 
of each connected components of C/j. If Cp is of finite type, the simple 
roots ttj belonging to this diagram are linearly independent, whereas in 
the case of an affine diagram the simple roots are linearly dependent 
satisfying 

Y^ riitti = 0. (3.26) 

The positive integers n, are the Coxeter labels for the affine diagram Cp. 
The simple roots of the overall diagram are given by 

ai = ai + Tjik = at- A^k, i e Cr , . 

a, = -(k + k), ^'^ '^ 

where the vectors k and k span the even self-dual Lorentzian lattice IIi;! 
satisfying /c^ = fc^ = and {k, k) = 1, see Appendix |Fl 

Let us concentrate on the Lorentzian Lie algebras, i.e., algebras which 
when deleting the central node yields only one affine component and the 
rest of finite type. Let also the affine component of the reduced diagram 
be Ci, this means that Ai = det Si = and Eq. ()3.24|) becomes 

det A = -A2 ...An J2 ^*(adj Bi)ijr]j. (3.28) 

Note that by doing so the dependence on rji = —Ad for i ^ Ci has 
disappeared. Since Ci is a connected diagram corresponding to a simply- 
laced affine algebra g^^-*, its adjugate matrix can be written as 

(adj5i),, = |Z(A(g))|n,n„ (3.29) 
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Figure 3.2: The Dynkin diagram of a Kac-Moody algebra with self-dual 
Lorentzian root lattice. The root lattice in this example will be n25;i. 



where g'-^-' is the affine extension of g. Eq. ()3.29|) is motivated by the 
fact that ^ .(i?i)jj(adj Bi)jk = 6ikdetBi = and '^■BijUj = for 
an affine algebra. The specific form of Eq. ()3.29p comes about due to 
that (adj Bi)ij is symmetric, and (adj i?i)oo = dety4(g) = |Z(y4(g))| 
according to Eq. ()3.14j) . Inserting Eq. ()3.29|1 into ()3.28j) gives 




detA = -A2...Ar,.\Z{A{g))\\y n,r]i\ , (3.30) 



and thus det A is exphcitly negative. 

It is of particular interest to study root lattices that are even, inte- 
gral and self-dual Lorentzian. All the Cartan matrices considered so far 
guarantee an even, integral Lorentzian lattice. For the self-duality, the 
determinant of the Cartan matrix has to equal (—1). From Eq. ()3.3Up 
we see that imposing this leads to the condition that all the connected 
parts 6*2, . . . ,Cn have to give rise to self-dual lattices, i.e., Aj = 1 for 
i = 2, . . . , n, while Ci must be the affine extension of an algebra with 
self-dual lattice. Since the only finite dimensional algebra having self- 
dual lattice is eg, each diagram Ci is corresponding to an eg algebra 
except for Ci, which corresponds to the affine algebra eg. Finally the 
sum J2ieCi '^^^^ must equal unity also, meaning that all the rji in Ci must 
vanish except the one belonging to the node with Coxeter label equals 
one, i.e., the affine node. These unique Lorentzian self-dual lattices are 
denoted by Usn+i-,! and have the dimensions (8n + 2), see Fig. 13.21 When 
n > 2 there exist many Cartan matrices corresponding to the same lat- 
tice, since we are still free to choose the numbers rii,i ^ Ci. 

To simplify notations we include all the diagrams of finite type in C2, 
which now is allowed to be disconnected. The fundamental weights of 
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the overall diagram C are 

Ip = A/3, /? G C2 

Ic = -k _ (3.31) 

k = K-'^ik-k + v), ieCi, 

where the vectors k and k again span the lattice IIi.i, and A^ are the 
fundamental weights of C2. The algebra corresponding to Ci is the un- 
twisted afiine extension of g, for which A, are the fundamental weights. 
We also define 

V = Jy{g) + Jy{C2) = Y^ riiXi + Y^ 7]p\p 

i=l /36C2 (3.32) 

ieCi 
with r(g) being the rank of g. The Weyl vector will be 

R{C) = p{C2) + p(g) - ^{k -k + u)-k, (3.33) 

V 

with p(C2) and p(g) being the Weyl vectors of C2 and g respectively, and 
the Coxeter number is given by 

'"(g) 
Mg) = £n,. (3.34) 

j=0 

3.2.3 Real principal so(2,l) subalgebra 

Taking the scalar product 

(i?,g = -^<0, (3.35) 

V 

we see that the only three dimensional principal subalgebra allowed is 
so(2,l), but for the algebra to really contain a real principal so(2,l) sub- 
algebra the Weyl vector squared 

g' = |p(C,)-Mg)„(C,)p + |,(g)_M.(g)]^_ ^Mg)[MB) H- 1] ,3 3g) 

must be negative [T^ ITBj. 

Let us first consider the case where the central node is linked to the 
affine node by a single link, i.e., r]i = 6iQ for i E Ci. Eq. ()3.36|) is then 
simplified to 

R' = p{gf - 2h{g)[h{g) + 1] + [p(C2) - Mg)KC2)]^ (3.37) 
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since rj = 1 and z/(g) = 0. Using the Freudenthal-de Vries strange formula 
|Hj on the simply-laced finite algebra g 

we finally arrive at 

«^=^M%)±awi)^M+|p(c,)-ft(g)Kc.r (3.39) 

A minimal condition for the existence of principal so(2,l) subalgebra is 
thus given by that the rank of g has to be less than 24, allowing only 
a finite number of possibilities for g. If C2 is empty, that is if C is an 
over-extension of g, then the condition R^ < reduces to r(g) < 24. 

Consider now the remaining configurations where the central node 
is linked by a single link to the node -k in Ci such that n^ > 2, i.e., 
rji = 6ii, for ij-k E Ci. Note that all the nodes with n^ = 1 are related 
by the symmetry of the affine Dynkin diagram, hence these nodes are 
equivalent. The only simply- laced semi-simple finite algebras containing 
Coxeter labels greater than one are ee, ey, eg and d^, so Ci has to be the 
affine extension of one of these algebras. Calculations with eg, G7 and eg 
show that the sum of the last two terms in Eq. ()3.36p is negative, thus 
the sign of E? is depending on the choice of C2. Similarly, one finds for 
dr that the sum of the last two terms in Eq. ()3.3(i|l is negative only if 
r < 26. The conclusion is then that whenever Ci is linked to the central 
node by a single link, imposing the overall algebra to contain a principal 
so(2,l) subalgebra, i.e., R^ < 0, the number of possibilities to choose Ci 
is finite. 

Having found the restrictions on Ci for the overall algebra to contain 
a principal so(2,l) subalgebra, we then try to find corresponding upper 
bounds for the rank of C2 assuming the central node is linked to the node 
-k in Ci via a single link. 

First we observe the condition i?^ < can be written as 

[p(C72)-/ioKC2)]'<Mo(g), (3.40) 

where ho = ^-^ and Mo(g) = ^^^S)[Mg)+'?] _ ^^^-g^ _ hQi>{g)f only depend 

on g. It can be verified explicitly that ho = — z2j^ ^i — 2 for all the 
simply-laced Lie algebras g. If C2 is not connected, we can split the left 
hand side of Eq. ()3.40j) into a sum over the connected simple components, 
where for each component the factor [p{C2)—hoh'{C2)]'^ is strictly positive. 
It is then clear that the number of simple components in C2 is finite for 
a given g. What remains now is to show that the rank of each simple 
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component must be bounded, and we do this for the special cases where 
C2 is a.r or d^.. In the rest of this section we use the notations p = p{C2) 
and z/ = u{C2)- 

The case of a^ 

For the Lie algebras a,., the vector v = 2, Vp^p can be written in an 

/Sear 
orthogonal basis {cj} as 

r+l 
U = 

j=l 

where the coefficients obey /j+i — li = —rji. Writing (p — hQu) in the same 
basis we get 



Y^hci, (3.41) 



r+l / , o r> • \ r+l 



'^' /r + 2-2i \ 

{p - hou) = ^ ( hok j Ci = ^ mid, (3.42) 

^ r + 2 - 2i _ 

since p = y. ^t for ^r [8]. Observing that mij^i—mi = horji — l, 

with ho > 2 and r/j G Nq we find |mj+2| > |"^j| > ^ by induction. This 
can then be used to give 



r+l 

r 



(p-/ioz/)' = ^|m,|2>-, (3.43) 



i=l 



putting which into Eq. ()3.4U|) yields an upper bound | < Mo(g) for the 
rank of allowed a^. 

The case of d^ 

Assume first that u is not a spinor weight. By analogy with a^, we use 

r r 

y liCi and p = y^{r — i)ei for d^ [8J to obtah 



r 

u = ^ LiCi ana p = y[r — 2)e,; tor a^. |»| to oDtam 
=1 «=i 



(p - /lo^/) = Xl(^ - ^ - ^o/i)ei. (3.44) 

j=i 

Since all the coefficients of Cj are integers and at most ^ + 1 of them 
vanish, we get 

r-{j!-+l) 
i=l fc=l ° 
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Figure 3.3: The Dynkin diagram of a very extended Kac-Moody algebra. 



If z/ is a spinor weight, each /j is then half-odd-integer. The calculations 
will remain the same, but with h^ replaced by ho/2 when /iq is even. The 
rank of C2 is thus again bounded. 

For the case where the central node is linked to the affine node of 
Ci only, and is connected to one node of each simple component of C2 
by a single link, one can show that the rank of the overall algebra with 
principal so(2,l) subalgebra can never exceed 42, regardless the choices 
of Ci andCs ^. 

3.3 Very extended Lie algebras 

In this section we will look at the special class of Lorentzian Kac-Moody 
algebras, obtained by joining an affine Kac-Moody algebra g^^^ via the 
affine node to a central node that links in turn to the single finite dimen- 
sional Lie algebra ai. The resulting algebra is called very extended, see 

Fig.O 

We start with a finite dimensional semi-simple Lie algebra g of rank 
r, and from now on we do not require that g has a symmetric Cartan 
matrix. The simple roots of g are denoted Oj, i = 1, . . . , r. These are 
normalised such that 6'^ = 2, where 6 denotes the highest root. The 
lattice spanned by the simple roots is called A^ and the corresponding 
Cartan matrix is defined as in Eq. ()3.H) . The only exception to our 
analysis is when g is ai, and we do not consider that case. The very 
extension of g is obtained by adding three new simple roots. 

i. Add the simple root 

ao = k — 9, («0)«o) = 2, (3.46) 

where k G Hi-i. The corresponding Lie algebra is just the affine 
extension of g and we denote it by gg. The root lattice of gg is 
a part of A^ © IIi;!, more precisely those vectors x in this lattice 
which are orthogonal to k, i.e., {x,k) = for all x G A^^,. The 
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Cartan matrix is 



"-go 



A„ 



where we have introduced q'^ = 



qi 



Qr 

2 



/ 



(ao,ttj) and qi = 



(oi,Qi) 



(3.47) 



, ctj, ao) 



Since go is an affine Lie algebra, the determinant of its Cartan 
matrix vanishes, i.e., detAg^ = 0. 

ii. Add yet another simple root 

a^^ = -{k + k), (a_i,a_i)=2. (3.48) 

The resulting algebra is an over-extended Lie algebra denoted by 
g_]^. The root lattice Ag_j is now the whole A^ © ni-i, indicating 
that the algebra is Lorentzian. The other scalar products involving 
the new simple root a_i are (q;_i,q;o) = —1 and (q;_i,q;j) = 0, 
using which we find the Cartan matrix 

/ 



A 



g-i 



qi 



\ 



A„ 







qr 





q'l ■ 


. q'r 


2 


-1 


. 


. 


-1 


2 



V 

The determinant of the Cartan matrix is then 



(3.49) 



detA 



9-1 



2 det Ag^ - det Ag = - det A„, 



(3.50) 



verifying that g ^ is Lorentzian. 

iii. The even further enlarged algebra g_2 is obtained by adding the 
simple root 

a_2 = k - {I + 1), (a_2,«-2) = 2, (3.51) 

where / and / span a new IIi.i lattice. The whole root lattice consists 



.g ^ Hi-i © Hi-i _= 
to the time-like vector s = I — I 



of vectors in A„ 
to the time-li] 
has the form 



Ag J © IIi.i which are orthogonal 
= (1,1). The Cartan matrix of g_2 



A 



g-2 



Qi 



\ 



A„ 







Qr 








<l'l ■ 


■ g'r 


2 


-1 





. 


. 


-1 


2 


—' 


. 


. 





-1 


2 



(3.52) 
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due to that (q;_2, Q;_i) = —1 and (a_2, ao) = {c(-2, cti) = 0. Clearly 
this is again a Lorentzian Kac-Moody algebra 

det Ag_^ = 2 det Ag_^ - det Ag^ = -2 det Ag. (3.53) 

The same value for the determinant is obtained using Eq. ()3.30|) . 

The fundamental weights of the over-extended algebra are 

i = l,...,r 

(3.54) 



K -- 


= x{-{x{,e){k-k) 


Ao = 


= -{k~k) 


A_i = 


-- -k, 



with A{ being the fundamental weights of g, whereas the fundamental 
weights of the very extended algebra are 



A, = Af-(Af,0)[fc-fc-i(/ + O], 2 = 1,. ..,r 

Ao = -[k-k- 1(1 + 1)] 

A_i = -k 

A-2 = -i(/ + 0. 



(3.55) 



These together with the corresponding simple roots satisfy Eq. ()3.2j) for 
the respective algebra. For the over-extended algebra g_i the Weyl vector 
is given by 

p = pf + hk-{h+l)k, (3.56) 

where p-^ is the Weyl vector and h = 1 + ^21=1 ^* i^ ^^^ Coxeter number 
of g, respectively. Similarly, 

p = pf + hk-{h + l)k- -{1 -h){l + I) (3.57) 

is the Weyl vector of the very extended Kac-Moody algebra. 

The weight lattice spanned by the fundamental weights is just the 
lattice A^ dual to the root lattice A/j, A^^, = A|j. Generally we have 

(Ai©A2)* = A*©A; (3.58) 

for two arbitrary lattices, and this is sufficient for us to find the weight 
lattices of these extended algebras. The weight lattice of g_]^ is 

A;_^ = A;©n*^i = A;©ni;i, (3.59) 

the last equality is due to the self-duality of IIi.i. Inserting this into 
Eq. (jTH^ we find 

A* A* © Hi-i A* 

Zn , = ^= 'J =^ = Za (3.60) 



3.3 Very extended Lie algebras 



43 



in consistency with the relation between the determinants in ()3.50|) . The 
weight lattice of g_2, on the other hand, is given by 



A* =A:®ni;i©{(r,-r):2rGZ}, 



(3.61) 



where the convention in Appendix|Flhas been used. Since the root lattice 
of g_2 is Ag_2 = Ag © IIi.i © {(t, -t) -.teZ}, we obtain 



^9-2 



A*_2 _ A* © ni-i © {(r, -r) : 2r G Z} 
Ag©ni;i©{(t,-t) :t eZ} 



A 



Zg X Z2. (3.62) 



9-2 



Again, the result is consistent with the determinant relation in Eq. ()3.53l 



3.3.1 Self-dual lattices 

Let us study the even self-dual lattices a little more in detail. We start 
with a finite dimensional semi-simple rank r Lie algebra g, for which the 
root lattice A^ is an even self-dual lattice of dimension r or a sublattice of 
a such lattice. Even self-dual Euclidean lattices exist only in dimensions 
D = 8n, n e N. 



The root lattice of e 



11 



In eight dimensions, i.e., for n = 1, the only lattice fulfilling these criteria 
is the root lattice of eg. The set of simple roots for eg written in an 
orthogonal basis is 



0:2 

as 



0,0,0,0,0,1,-1,0) 
0,0,0,0,1,-1,0,0) 
0,0,0,1,-1,0,0,0) 
0,0,1,-1,0,0,0,0) 
0,1,-1,0,0,0,0,0) 
-1,-1,0,0,0,0,0,0) 

1111111 In 
2' 2' 2' 2' 2' 2' 2' 2/ 

1,-1,0,0,0,0,0,0), 



(3.63) 



combining these with the Coxeter numbers as coefficients yields the high- 
est root 

^=(0,0,0,0,0,0,-1,1). (3.64) 

We denote the corresponding affine, over-extended and very extended 
algebras by eg, eio and en, respectively. The affine root is 



ao = k-9 = {-9-{l,0)), 



(3.65) 
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a. 



a.2 a.i ao Ui Uj a, a4 Uj a^ a. 
Figure 3.4: The Dynkin diagram of the Kac-Moody algebra en. 

whereas the over-extended root is given by 

a_i = -(A; + fc) = (0;(-l,l)). (3.66) 

These together with the simple roots of eg span the root lattice of eio, 
the resulting lattice Aeg © IIi.i is even, self-dual and Lorentzian. Such 
lattices occur only in dimensions D = 8n + 2, n E N, and are unique 
in each dimension, hence we denote them by Ilgn+i;!. It is then obvious 
that the root lattice of eio is Ilg;! = Aeg ©IIi;!. Adding the very extended 
root 

«_2 = fc - (/ + I) = (0; (1, 0); (-1, 1)) (3.67) 

extends the span of the simple roots to being part of the lattice 

nio;2 = ng.i © Hi-i = Aeg © Hi-i © Hi-i, (3.68) 

which is the unique even self-dual lattice with signature (10,2). The 
Dynkin diagram of the algebra en can be seen in Fig. 13.41 To find the 
number of conjugacy classes for the en weight lattice we use Eq. ()3.13p 

^en =J^=^2. (3.69) 

The en algebra is of great importance, since it is conjectured to be a 
symmetry of M-theory. 

The root lattice of k27 

Another algebra important in string theory is the very extension of the 
algebra d24. The root lattice of d24 is by itself not self-dual, but it is a 
sublattice of one of the Niemeier lattices fTl]. Niemeier lattices are the 
even self-dual Euclidean lattices in dimension 24, and there are totally 
24 of them. The simple roots of d24 in an orthogonal basis are 

a, = (0^_^,1,-1,0^_^^, z = l,...,23 

i-l 23-i /o yriN 

a24 = (0,_^,0,1,P ^^•^''^ 

22 
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a., a , a,, 



Figure 3.5: The Dynkin diagram of the Kac-Moody algebra k27. 



As mentioned before, the root lattice of d24 is not self-dual and 

A* 



'd24 



d24 



A, 



^2 X Z2, 



1^24 



(3.7i: 



which is consistent with the fact that det ^4^24 = 4. We can construct a 
24-dimensional self-dual lattice by adding the point 




A 



24 



eA, 



d24 



(3.72) 



to the lattice A^^^, the resulting lattice is then A^^ = h^^^Jl^i. This new 
point satisfies {(}.,g^ = 6 and 2g G A^j^. 

Following the general procedure we add an affine and an over-extended 
root 

ao = A;-0 = ((-l,-l,O,..^;(l,O)) 

^^ (3.73) 

a_, = -(fc + fc) = (0;(-l,l)) 

to the collection of simple roots for d24, respectively. The root lattice 
of the corresponding algebra k26 is thus part of the even self-dual lattice 
n25;i = A^^ © III;! = A^2g/Z2 in 26 dimensions. Adding also the very 
extended root 



«_2 = A;-(/ + r) = (0;(l,0);(-l,l)), 



we obtain the algebra k27 with its root lattice being contained in 



Arf24 © Hi-i © Hi-i 



(3.74) 



(3.75) 



and 



Zk^r = -r^ = -r^ X Z2 = Z2 X Z2 X Z2. 

Afc27 Ad24 



(3.76) 



The algebra k27, with a Dynkin diagram as in Fig. I3.5| has been thought 
to be a symmetry of the 26-dimensional closed bosonic string. 
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The root lattice of m 
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Let us also look at the very extension of the rank 16 algebra die, the 
procedure is almost identical to the case of k27. The root lattice of die 
satisfy again 

Zd,, = -^ = Z2 X Z2, (3.77) 

and it can be made self-dual by adding the point 

^ (3.78) 

The resulting even self-dual lattice is A^^^ = A^^g/Z2. 

The root lattice of the over-extended algebra mig is a sublattice of 
the 18-dimensional even self-dual Lorentzian lattice ni7.i = A^^ ©Hi-i = 
k*^^Jlj2- Finally, adding the very extended root 

«_2 = (0;(1,0);(-1,1)) (3.79) 

yields an algebra denoted by mig, whose root lattice is part of 

Ad,, ©ni;i©ni;l. (3.80) 

It is remarkable that construction of the very extended Lorentzian 
Kac-Moody algebras based on Euclidean self-dual lattices leads to alge- 
bras with fundamental importance in physics. The obtained algebras, 
eii and k27, are conjectured to be symmetries of M-theory and the 26- 
dimensional bosonic string, respectively. The symmetries of these two 
theories are thus deeply related to the unique even self-dual Lorentzian 
lattices in ten and 26 dimensions, respectively. Studying the Dynkin 
diagrams of en and k27. Figs. 13.41 and 13. 5| we conclude that en is a sub- 
algebra of k27, indicating that the whole M-theory is possibly described 
by the bosonic string in 26 dimensions. Also, it seems natural that there 
should exist an 18-dimensional string with mig as its symmetry. 

3.3.2 Principal so(2,l) subalgebra 

The condition for the existence of principal so(2,l) subalgebra is 

E^a"^' = E7;7^(^-^'')^0' (3-81) 

n n ^ ' ' 



3.3 Very extended Lie algebras 47 

where a and h = —2, — 1, 0, 1, . . . , r. Putting in the fundamental weights 
for the over-extended Kac-Moody algebras given in Eq. ()3.54|1 we get 

E<-i = -h 
E^o = -(2/. + 1) (3.82) 

a 

a i 

where n^, h = 1 + X^Li'^i) (^'^)ij'^ ^^^ ^^^ Coxeter labels, the Coxeter 
number and the inverse Cartan matrix of the finite dimensional Lie alge- 
bra g, respectively. The corresponding expressions for the very extended 
Kac-Moody algebras are 



Y.A-.U = 


-lih-i) 


E<-i - 


-h 


E^^-i - 


-Uh + l) 


j:^i - 


-inj{aj,a 



(3.83) 



.)(/^+i)+E(^V- 



The only sums not satisfying the condition 1)3.811) automatically are 
Yla^a]y where information about the specific finite dimensional Lie al- 
gebra g is required. 

As an illustrative example we take g to be a^, which satisfy (ctj, aj) = 
2, Uj = 1 and h = r + 1, see reference jHj- Combining the fundamental 



weights Xi = ^*. ^ Cj - ^ ^''■^ Cj gives 



3 



i ^ {a^aiY "' ^' j-^ r + 1 .^/ r + 1 

= |(r + l-j), 

(3.84) 
which in turn can be used in Eq. ()3.83j) to yield 

E^al = -^(^ + 2) + {{r + l-j) (3.85) 



for the very extension of a^. Maximising the above equation 

^Sr A-l^ _ r |(r2-10r-23) , j = ^ when r is odd 
^2-^ ajVax- I |j^2_ ^Or-24) , j = | when r is even 



(3.86) 
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shows that Yla ^a] is negative only if r < 12. Hence, the rank of a.^ can- 
not exceed 12 for the corresponding very extension to contain a principal 
so (2,1) subalgebra. 

Performing similar calculations for all the simple finite dimensional 
Lie algebras, we find the constraints summarised in Table 13.11 Note that 



g 


Over-extension 


Very extension 


dbf 


r < 16 


r < 12 


dr 


r < 16 


r < 12 


er 


r = 6,7,8 


r = 6,7,8 


b. 


r < 15 


r < 11 


Cr 


r < 8 


r < 6 


h 


yes 


yes 


g2 


yes 


yes 



Table 3.1: The algebras with principal so(2,l) subalgebras. 



eii contains a principal so(2,l) subalgebra, while neither k27 nor niig 
does since these are the very extensions of the Lie algebras 6.24 and die, 
respectively. 



4 



Symmetries in M-theory 



When eleven dimensional supergravity is dimensionally reduced, the ob- 
tained scalars have coset space symmetries (Table EH}- This coset con- 
struction for the the scalar sectors has been extended to include also the 
gauge fields for the maximal supergravity theories fHl ^] • For space- 
time dimensions larger than three, the coset space E„/F„ is based on 
the normal real forms of the finite dimensional semi-simple Lie algebras 
from the E-series, with the subgroup invariant under the Cartan involu- 
tion taken as the local subgroup F„. These subgroups are precisely the 
maximal compact subgroups of the non-compact groups E„. There is 
also some evidence fl^ |^ that dimensional reduction of eleven dimen- 
sional supergravity to two dimensions and one dimension will yield the 
affine extension of es (called eg) and the hyperbolic algebra eio, respec- 
tively. Continuing in the same spirit, it has now been conjectured that 
the eleven dimensional supergravity itself has a coset symmetry based 
on the very extended Kac- Moody algebra en. The linearly realised local 
symmetry is assumed to be the subalgebra invariant under the Cartan 
involution. The generators in this subalgebra have the form [Ea — Fa) 
for an arbitrary positive root a, Ea and F„ are the positive and negative 
root generators, respectively. It then follows that Ea ~ Fa, and the coset 
representatives can all be taken to belong to the Borel subalgebra of en. 
Note that whenever we use the word algebra in this chapter, we actually 
mean the normal real form of the complex algebra, except for the local 
subalgebras where we mean their compact real forms. 

It was shown in Chapter |21 that the field equations of the bosonic 
sector of eleven dimensional supergravity arise from simultaneous non- 
linear realisation under the conformal group and the group Gn. In this 
coset formulation all the bosonic fields of the theory, i.e., the graviton 

49 
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and the rank three gauge field are treated as Goldstone bosons. For the 
final symmetry to be the Kac-Moody algebra en, we have to enlarge the 
algebra gn defined in Eqs. (12.5111 and ()2.52|) . There are two ways to go 
|22j . The first one is to add more generators to gn, which also belong 
to the local subalgebra. The Cartan form will now transform under a 
larger local subgroup, see Eq. ()2.64p . Since the number of the preferred 
fields remains the same, most of the calculations are unchanged. The 
only constraint for the local subalgebra is that the field equations ob- 
tained must be invariant under the corresponding larger local subgroup. 
The second method is to perform the nonlinear realisation with a larger 
algebra than gn and some suitable local subalgebra, the difference now is 
that we do not demand the field content to remain the same. Instead, we 
have to show that this gives an alternative description of eleven dimen- 
sional supergravity, with the same on-shell degrees of freedom. To find 
the total symmetry, we let the theory in both cases be simultaneously 
nonlinear ly realised under the conformal group. The hope is that the 
resulting theory contains a coset symmetry G/H, with G being a group 
corresponding to a Kac-Moody algebra and H its subgroup invariant un- 
der the Cartan involution. It seems also reasonable that the symmetries 
En and F„ found in the dimensional reductions of eleven dimensional 
supergravity are subgroups of G and H, respectively. Again, the natural 
candidate for G is En. 



4.1 The Borel subalgebras 

The starting point for finding the final global symmetry algebra g is the 
algebra gn from Chapter El whose generators can be decomposed as 

g+ = {K\{a<b),a = l,...,ll- i?'^!^^^^. ^ci...cs| 

g?, = {H,^K^^-K^-'\_,„a = l,...,10; D = j:li,K^,} ^■> 

g^^ = K\ (a > h) and Pa with a = 1, . . . , 11. The role the generators 
Pa play is quite different from the other ones and it should be noted 
that there are no preferred fields associated with them. Let us thus for 
now concentrate on the generators K"'^,-, i^'^i^^cs g^^^ R'^^--'^^. The basic 
requirement on the final Kac-Moody algebra g is that it contains all the 
generators in gn, except Pa which will be treated separately. We demand 
the set of positive root generators of g to contain g^^. Also, the Cartan 
subalgebra of g must contain g^^. For notational simplicity we introduce 
gii^ = gii © gn- Note that the generators K\ form a gl(ll) = Aio© 
u(l) algebra, with Ha-, K"-^^ (a < h) and K"-^ (a > h) being the Cartan 
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generators, positive and negative root generators of Aio, respectively^. 
Since the final algebra g is assumed to include the finite dimensional 
exceptional algebras, we analyse this aspect a little more in detail. 



4.1.1 The Borel subalgebra of ej 

Consider the simple Lie algebra e^. Restricting the indices to only take 
the values {5, . . . , 11}, the positive root generators of ej can be identified 

as 



1 " 1 

and i?*i*2«3 _ Similarly, the Cartan generators of e-j can be found as 

11 
H, = K\-K'^\^, and D = Y.K\. 

1=5 



(4.2) 



(4.3) 



These generators together with K^ 
relations 



K^j (^ > j) obey the commutation 



m,K\] 


= 5p<\-5\k^^ 


Ki.^Rkik2kz 


= 3(5f 'i^l^l'^^fcsl _ 3^i.Rkik2k3 


[K'pSu, 


= -61S, + ^S, 


J^hhi-j J^M*5«6' 


= 2e'^-'^^Sj 


[R'^'^'',Sk 


= 


[D,k)\ 


= 


D, /2»l»2i3 


= 3i?^1^2i3 


[D,SI 


= QS, 


Oj, Oj 


= 0, 



(4.4) 



which are precisely the commutation relations of the Borel subalgebra of 
e7 written with respect to its Ag subalgebra |22] • Note that the generators 
K''j {i > i) are the negative root generators of Ag and thus not included 
in the Borel subalgebra of ey. This shows that the Borel subalgebra of 
e^ is also a symmetry of the eleven dimensional supergravity, just as the 
Ag subalgebra of e^. The whole e? can be found as a symmetry if we 
enlarge the set of negative roots generators {K'^^, {i > j)} to also include 
the generators S^ and Ri^i^i^. If these generators are also contained in 



^In this chapter all the classical simple Lie algebras are denoted by capital letters, 
e.g. Ar. 
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the local subalgebra, the equations of motion will then remain the same. 
The whole ej is generated by the simple root generators 



E, = K\_,„z = 5,...,10; En = i?'''°'" 



(4.5) 



and the Cartan generators 



Hi = K\-K^-^\^,,t = 5,...,lO; H^, = K%+K'\+K'\,--D. (4.6) 



The new local subalgebra is A7. 



4.1.2 The Borel subalgebra of eg 

Having found the Borel subalgebra of ey as a symmetry algebra of eleven 
dimensional supergravity in the previous subsection, we also suggested 
how to incorporate the whole e-j as a symmetry. Perform now a similar 
analysis for the algebra eg. Introduce the generators 



11 



11 



K',=K^,-\S]Y.K\ {^<J] 



1 = 4: 

Si - -' 



'k\k2 



6! 






(4.7) 



..«6-' 



1=4 



K\ 



K\ {t>j); R' 



«2«3 



where the indices take the values {4, . . . , 11}. Using the commutation 
relations of gn we find the Lie brackets 



[D, i?*l*2i3 
[iJili2i ^jiJ2 



6^k\ - 6m 

^^\-^'>- J^\i\k2k3] _ ^^ij^kik2k3 

~'^^[ki^\j\k2] + s'^j'S'fcifca 
^h...iejkg,^ 



Q pni2«3 



65, 



0. 



*J 



(4i 



Comparing Eq. ()4.8j) with the Lie brackets of es written with respect to 
its regular A7 subalgebra, we can identify K'^j with the generators of A7. 
D spans the eighth dimension in the Cartan subalgebra for eg, i?*i*2«3 g^^^j 



1 : 


D 


63: 


K\ 


(56 + 28 + 8) : 




(56 + 28 + 8) : 
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Si-^i^ are positive root generators |22|. The adjoint representation of eg 
decomposes as 248 = 1 + 63 + (56 + 2^8 + 8) + (5^6 + 28 + 8) with 

Cartan subalgebra 

Regular A7 subalgebra 

Cartan, positive and negative root generators 

Positive root generators 

^iii2i3 (55) and Si^i^ (2^8) 

Negative root generators. 

(4.9) 
As can be seen, there is a missing 8 of the Borel subalgebra of eg. 
The way to solve this is to assume these missing generators form an 
ideal, which is trivially realised. The full non-trivial realisation of the 
Borel subalgebra can be obtained by adding the generators R'^^-^«'^'^ to 
the algebra gn. These new generators are antisymmetric in the indices 
Ci, . . . , Cg. The commutation relations of gn modify to 

[K\,R^^-^^] = 66^^' R\''\''^-''<^^ 

[RC1-C6 ^ Rdi...de-^ = 

rj^ci...C6 J^did2d3'\ __ ^J^ci...ce[did2,d3] 

[K%, i^'^l-^S.rf] = QS^^^ R\a\c2...cs],d ^ ^d^ci...C8,a^ 

(4.10) 
with a,b, . . . = 1, . . . , 11. Compared to Eq. ()2.52|) . the commutator 
^Rci...c6 ^ j^did2d3-^ jg j-^Q^ non- vanishing. To satisfy the Jacobi identities, 
the new generators must in addition obey 

Restricting the indices to the values {4, . . . , 11} yields the generators 
in Eq. ()4.7j) as well as _R*i---*8J = e*i---*8 5'-^'. The corresponding Lie brackets 
are given by the first eight rows in Eq. ()4.8|1 as well as the relations 

[Rn^2^.^S^]=0 ; [5,,,,, 5^1 = (4.12) 

[D,S'] = 9S\ 

Excluding the generators K^^ {i > j), these define precisely the Borel 
subalgebra of eg. 
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4.1.3 The Borel subalgebra of en 

Suppose the final symmetry of M-tlieory is a Kac- Moody algebra g. Since 
the coset formulation of the bosonic sector of eleven dimensional super- 
gravity uses only the gn algebra and the conformal algebra, one should 
find the Cartan and simple root generators of the searched for Kac-Moody 
algebra inside gn. The generators needed to generate the whole gf^ are 

Ea = KVi. a = 1, . . . , 10; En = R^'''''\ (4.13) 

where Ea, a = 1, . . . , 10 are also the simple root generators of the finite 
dimensional algebra Aiq. Obviously, the generators in ()4.13j) are natural 
choices for the simple root generators of the final Kac-Moody algebra. 
Similarly, the set g^^ can be identified with the Cartan subalgebra of g, 
but the basis choice 

Ha = K\ - K^^\+„ a = 1, . . . , 10; H,, = K\ + K^\ + K\, - ^D, 

(4.14) 
with D = X]a=i ^"^ay makes the embeddings of Cy and eg more explicit. 
The generators in ()4.13p and ()4.14j) form the Chevalley-Serre basis of g. 
Applying the Chevalley-Serre relations, we then find the Cartan matrix 
of the very extended Kac-Moody algebra en. The Dynkin diagram of en 
shows that it indeed contains e^, es and Aio as subalgebras. In fact, en 
also contains all the algebras e„ listed in Table 12.11 Using the Lie brack- 
ets of gii it is straightforward to verify that the Chevalley-Serre relations 
()3.9|) involving the positive root generators are satisfied. However, we 
have not yet found any symmetries in eleven dimensional supergravity 
that correspond to the negative root generators, which must exist and 
obey the remaining Chevalley-Serre relations for the theory to be invari- 
ant under a Kac-Moody algebra. Moreover, it is insufficient with only 
the gii commutation relations to generate the whole Borel subalgebra of 
g, because some of the positive root generators form a trivially realised 
ideal in eleven dimensional supergravity. We have already encounted this 
problem when trying to identify the Borel subalgebra of es- Later we will 
show that this leads to an alternative description of eleven dimensional 
supergravity. 

The local subalgebra h in eleven dimensions must include all the lo- 
cal subalgebras f„ obtained by dimensional reduction in Table 12.11 In 
addition, it must contain so(10,l), i.e., the local subalgebra we used in 
Chapter El The proposed subalgebra, which is the one invariant under 
the Cartan involution, fulfills all the criteria. The real form chosen for h 
should be non-compact, since it must contain the non-compact so (10,1) 
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as a subalgebra. The non-zero components in the Kilhng form are [S] 

where A"''' is the Cartan matrix of en. 

Taking en and its subalgebra invariant under the Cartan involution 
to be the final global symmetry algebra and the local subalgebra, respec- 
tively, will yield an infinite number of preferred fields. This is due to 
the fact that en is infinite dimensional. The problem may be solved by 
the inverse Higgs mechanism [22], where the Goldstone fields superflu- 
ous for the content of the theory can be eliminated by expressing them 
in terms of other preferred fields. The remaining Goldstone bosons will 
then correspond to the generators in ()4.1()j) . 

The addition of Jl'^i---'^s,b gjves some new insight on the relation be- 
tween eleven dimensional and IIA supergravities. Separating off the 
eleventh index we define 

^a __ j^a . ^a __ j^a . ji^aia2 _ ^aia2ll. J^aia2as _ J^aia2a3 
pai...a5 pai...a5ll. pai...a6 Tjai...ae,. Tya\...a-j 1_ pai...a7ll,ll 

~ / 'lo ~ ^ \ (4.16) 

^ai...a8 _ |^ai...a8,ll. Pl=l.i^K\ + 8K^\^ J , 

with the indices a, . . . = 1, . . . , 10. The algebra made of these generators 
is exactly the one, on which nonlinear realisation of IIA supergravity 
is based jH 122 121] • This indicates that the final symmetry algebra of 
IIA is also en. Observe that we can make the identification i^'^i-'^'s.ii = 



4.2 Levels and representations 

To understand the Kac-Moody algebra en a little better, we do some 
systematic analysis. Consider the Lorentzian Kac-Moody algebras from 
Chapter El i.e., algebras whose Dynkin diagram C possesses at least one 
node ttc such that deleting it leads to finite dimensional semi-simple Lie 
algebras and at most one afiine algebra. For simplicity we assume that 
the remaining Lie algebra is an irreducible finite dimensional algebra with 
the corresponding reduced Dynkin diagram C^. The simple roots of C^ 
are denoted by Oj, i = 1, . . . , r — 1, while the central node is defined as 



ar. 



-u + x, iy = -J2^ci\, (4.17) 
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where x is a vector in a space orthogonal to a^, and Aj are the fundamental 
weights of Cr. We will also assume that (oc, Oc) = 2, and hence x^ = 
2 — z/^. Any positive root can be written as 



r-l 

a 

i=l 



lac+y^rriiai = Ix — A, (4-18) 

where 

r—l r—1 

A = -/ 5^ Ac^X, - J2 ^*4^^- (4-19) 

and A-f^ is the Cartan matrix for Cr. The integers / and rrii are non- 
negative. Moreover, / is called the level and counts the number of times 
the root Uc occurs. For a fixed /, the root space of C can be described 
by its representation content with respect to Cr. This can be done due 
to the fact that A is a positive linear combination of the fundamental 
weights of Cr. 

An irreducible representation is completely specified by its highest 
weight. Thus, at a certain level, whether or not a representation of Cr is 
contained in C depends on the existence of positive integers pj satisfying 

r-l 

Pj = (A, aj) = -lA,j - Y, ^kAij > 0, (4.20) 

fc=i 

with / and rrik being non-negative integers. We can then write the con- 
straint for the allowed Cr representations in C as 

r— 1 r—l 

E(^^)7^^- = -lY.^'^M%'-^k, (4.21) 

i=i i=i 

where pj are the components of the highest weight in the Dynkin basis 
that uniquely defines a representation of Cr. Note that the left hand side 
and the first term on the right hand side are both non-negative, while 
the numbers m^ take the values m^ = 0, 1, 2, . . . [Hj. Assuming that we 
are only dealing with symmetric Cartan matrices, the length of the roots 
are bounded by a^ = 2, 1, 0, . . .. Generally we have 



a' = Px' + X: m(A., A,) = P^^ + X: MA^)ij'p, = 2, 1, 0, . . . 

(4.22) 
where Eq. ()H.2H) has been used. For fixed / the first term in ()4.22j) is also 
fixed. It then automatically follows that in the root space of C, we can 



4.2 Levels and representations 57 



never take a positive root to a negative one by acting with raising and 
lowering generators of Cr. Any representation of Cr must be contained 
entirely in the positive root space of C, but with a copy also in the 
negative root space due to the symmetry. 

The Eqs. ()4.2H) and ()4.22|) are all we need to find potential highest 
weight vectors of representations of the reduced subalgebra Cr, among 
the vectors in the positive root lattice of C which have length squared 
2,1,0,.... For a certain C/j-representation to actually belong to the root 
generators of C, the Serre relations and the Jacobi identities must be 
satisfied. Those vectors leading to generators which do not satisfy these 
additional requirements belong in fact to the weight lattice of C. Fur- 
thermore, the root multiplicity of the Kac- Moody algebras is an unsolved 
issue, except for a few special cases. 

4.2.1 Low level representations of en 

Using the concept of levels, we can systematically study the representa- 
tion content of en. More specifically, we can express all the root genera- 
tors of en in terms of representations of Aiq. The Dynkin diagram of en 
is given in Fig. 13.41 We consider the node above the horizontal line as the 
preferred node ac = cm, deleting which yields the Lie algebra Aiq. The 
nodes on the horizontal line are denoted by ««, i = 1, . . . , 10 from left to 
right. We use D when referring to the dimension of the very extended 
Kac-Moody algebra, in this case D = 11. Let us now level by level go 
through the positive root lattice. 

The level zero contains the adjoint representation of Aiq and the 
generator D. The inverse Cartan matrix of A/j-i is |8|IT8] 

r j(r+i-fc) ^ j{D-k) ^ j <:k 

i^^)]k = { k{r+l-j) ^ k(D-j) ' ■ > L ' (^-23) 

l^ r+1 D 1 J — 

inserting which into Eq. ()4.2H) with D = 11 will give 

Y.3{ll-k)v, + Y.Kll-3)v, = -lln, + ll^^^^_^^ ^ 1; = 9,10 ' 

j<k j>k 

(4.24) 
Uk = 0,1,2,.. .. Also, Eq. KT]\\ becomes 

- n^' + IT J2p^'(^^ - 3)Pj + YT Hp^3^^^ - '^P^ < 2, 1, 0, ... , 

i<j i>j 

(4.25) 
where det Ae^ = 9 — n and det A^^ = n + 1 have been used. It is then 
straightforward to work out the Aiq representations for every fixed value 



a' 
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Level 


Highest weight 


Alo representation 


/ = 


(1,0,0,0,0,0,0,0,0,1) 


K\ (Aio © D) 


1 = 1 


(0,0,0,0,0,0,0,1,0,0) 


J^C1C2C3 


1 = 2 


(0,0,0,0,1,0,0,0,0,0) 


Jici...ce 


1 = 3 


(0,0,1,0,0,0,0,0,0,1) 


^Ci...C8,d (^^[ci...C8,d] ^ 0) 




(0,1,0,0,0,0,0,0,0,0) 


^ i?Cl...Cg 


l = A 


(0,1,0,0,0,0,0,1,0,0) 
(1,0,0,0,0,0,0,0,0,2) 






(1,0,0,0,0,0,0,0,1,0) 


•k 




(0,0,0,0,0,0,0,0,0,1) 





Table 4.1: The Aiq representations occurring at the lowest levels of Cn 
\2,% \2^ \2l\l . The representations marked with -k do not belong to the root 
space of en, but they do belong to the weight space. 



of /. At the lowest levels these are given in Table I4.1I Note that the 
highest weight of each representation is written in the Dynkin basis. All 
these generators appear in the nonlinear realisation of eleven dimensional 
supergravity, except R'^^---'^^ which are omitted from the en algebra since 
they do not fulfill the Jacobi identities and have also vanishing outer 
multiplicities [2^1 EZI- To obtain the whole en algebra up to level three, 
we must also add the negative root generators Rc^c2C3, -Rci...c6 and Rci...cs,d- 
The commutation relations are those given in ()4.10|) . omitting the first 
row, together with 



[A jj, -fXciC2C3j 

[K fj, Rc-t^,„cfi\ 
[K\, Rc-,...cs,d\ 

[-KciC2C3; -tl-CiCsCfjl 
[-n-ai...a6) -'^bib2b[i\ 

[R"^"^"^ , R, 

[Rai 



0.20.3 J 



R 



bib2b[i\ 
'61. ..feel 



-65p^^i?|fe|c2...C6] 

~85^^^R\b\c2...cs],d - S2Rci...cs,b 

■^-'tci...C6 
'i-tiai...ae,[bib2,b3] 

_&i:lbib2b3 p64b5fe6] 
3|Waia2a3-fL , 



(4.26) 



where S^^l^^ = 5^^^5'^^ . The Cartan and simple root generators are given 
in ()4.14p and ()4.13p . respectively. 

The fundamental weights of en are 



X 



/. = Ai + (i^, Ai) — 



x^ 



I =- 

X"^ 



(4.27) 



where Aj are the fundamental weights of Aio and u = — ^.. AaXi = Ag. 
The representation R'^^-'^^ we omitted corresponds to the vector (Ss — A2), 



4.2 Levels and representations 59 



a, ttj a, a^ a^ a,, a, a^ a, a.o 
Figure 4.1: The Dynkin diagram of the Kac-Moody algebra ^^^'''• 



which we now recognise as a negative fundamental weight —I2 of en. 
Considering —I2 as the lowest weight of an en representation, we find in 
the root string the vector 

- Zs + "2 + • • • + "8 + an = 4x - Ai - Ag, (4.28) 

this vector appears also at level four in Table ITTl The Aio representation 
corresponding to this vector must as well be discarded from the root 
generators of en, since they are included in a basic representation of en. 
The subalgebra invariant under the Cartan involution is generated by 
{Ea — Fa) and at low levels it includes the generators 

Jab = K\r]ac - K'^^Vbc 

'-'010203 = -K Vbiaif]b2a2Vb3a3 ~ -^010203 /a r^q\ 

'-'ai...a6 -"^ 'Ibiai ■ ■ ■ 'Ibeae '^ -"'ai...a6 

'^ai...ag,c ^ Vbiai ■ • ■ 'Ibsas'ldc -'^ai...as,c- 

These generators belong to the maximal compact subalgebra of the nor- 
mal real form of en. The generators Jab constitute a representation for 
the Lorentz algebra, while 5'aia2a3 and Sai...ae obey 



['-'010203,'^ J — 3!"aia2a3'-' ' ^^ [0102,03] 



~'uiu2"3j [bi62 b3j 016263 (A on\ 

cbi...be] _ 6! i:[f'i''263 Qb465feel oobi-.-be {^.ov) 

O — „,0aia2a3'5 OD r„,„o„,l- 



4.2.2 Low level representations of Aj_3 

Let us first consider the very extension of Ag, see Fig. 14.11 We take 
an to be the preferred node, deleting which gives the finite dimensional 
AiQ. The subalgebra Aio is used to decompose the root system of A^"^^. 
Eq. ()4.2H) becomes 



^ j(ll - k)Pj + J2 ^(11 -i)Pj- = -ll"^fc + ^ I 

j<k j>k 

(4.31) 



9k , k = l,2 
33 -2k , A; > 3 
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Level 


Highest weight 


Alo representation 


/ = 


(1,0,0,0,0,0,0,0,0,1) 


K\ (Aio © D) 


1 = 1 


(0,0,1,0,0,0,0,0,0,1) 


j^c^...cs,d ^^[ci...C8,d] ^ 0) 




(0,1,0,0,0,0,0,0,0,0) 


^ i?Cl...C9 


1 = 2 


(0,0,0,0,1,0,0,0,0,1) 
(0,0,0,0,0,1,0,0,1,0) 
(1,0,1,0,0,0,0,0,0,0) 






(1,0,0,1,0,0,0,0,0,1) 


•k 



Table 4.2: The Aiq representations occurring at the lowest levels of Ag^~^ 
The representations marked with -k belong only to the weight 



space. 



where m^ = 0, 1, 2, . . .. Using also Eq. ()4.22|) we find the highest weights 
of Aio representations in the root lattice of A^"^"*", the lowest levels are 
given in Table 14.21 Since Ag is a subalgebra of eg, the very extended 
Ag must as well be a subalgebra of en. This means that all the Aio 
representations occurring in the adjoint representation of A^^"*" have to 
appear in the adjoint representation of en. Comparing the levels 3/ and 
/ in ()4.24|) and ()4.31|) . respectively, we find these coincide if we at the 
same time make the identifications 



nk 



rrik 


, A; = l,2 


mk + l{k-3) 


, /e = 3, . . . 


mk + l{2l-2k) 


, A; = 9, 10. 



(4.32) 



It then follows that those Aio representations found at level / for A^^"*" 
will also be found at level 3/ for en, this is verified by comparing Ta- 
bles and |01 

We generalise now the results to Aj^^ of arbitrary dimension D, the 
Dynkin diagram in Fig. 14.11 can readily be generalised. Omitting the 
preferred node, we find the finite dimensional Lie algebra A.£,-i- At level 
zero we have again the generators K*^^ forming an adjoint representation 
for the algebra ^d-i © D. The A/j.i representations at all the other 
levels are obtained by using Eqs. ()4.21|) and ()4.22|) . In particular, at level 
one we have 



1 = 1: p3 = l,pz)-i = 1 i?'^i-'^(o-3)''^ (^Ji[ci-C(D-z)A = 0) 

P2 = l i?ci...C(B_2)_ 



(4.33) 



The solution p2 = 1 does not belong to the root space of Aj^^, instead, 
it is the negative fundamental weight — /2 = x — A2. Observing that the 
root string of —I2 includes the representation (pi = l,p4 = l,p£,^i = 1) 
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at level two, we also must exclude this A^i.i representation from the root 
space. This explains the exclusion of i^'^i ■••'=» from the A^^"*" algebra. 
The level zero and one generators of Ajl^ obey the Lie brackets 



[K\,K^,] = 61K'^,-6^,K^ 



b 



(4.34) 
plus those involving the negative root generators -Rci...C(o_3),rf- 

4.3 Dual formulation of gravity 

The preferred fields in the Gn nonlinear realisation are mj', ^cic2C3 and 
^ci...c6- The gauge fields are related through the equations of motion 
()2.5()j) . while mj' describes gravity. Since including the Borel subalgebra 
of eg requires the addition of the generators R'^^-'^s^'^^ there must exist a 
preferred field of the form A^.^^ cs,d- The relation between the gauge fields 
A-CIC2C3 and Aci...c6 indicates the existence of some first order formulation 
of gravity using the fields mj' and Aci...c8,d- Regarding the lower index 
on mj' as some internal index, the field strength is found to be Ja^^-^ ■, 
with Ja^a^ being its "dual gauge field". We will now construct this dual 
formulation of gravity explicitly following the references |22[ l28j. 

4.3.1 The Einstein-Hilbert action 

In a D dimensional space-time the Einstein-Hilbert action is given by 

m 

S = ld''xeR{e^^,u^,\e)) (4.35) 

with e = y^fdet^^. Defining C^^"" = df^ej" — d^e^, the action can be 
written as 

S = Jd^'xe (c,,y\ - ^Cab,cC''''^' - \Cab,cC'''A , (4.36) 

where (I2.6()j) has been used. There is an equivalent way to write the 
action 

(4.37) 
by introducing some field Y"'^''^. Varying Eq. ()4.37j) 

5S=^fd''xe lCab,c + Yacb - -^^VbcY^f, 4 5Y''''" = (4.38) 
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yields 

J^ab.c = L-fec.a + L/ca,fe ~ ^ab,c + ^{Vbc^af, ~^ ^ac^bf, )■ 

Putting ()4.39|) into ()4.37|) gives ()4.36|) . and thus shows the equivalence. 
Introduce the field yci...C(o_2), dual to Y"-''''^ 

Y'^b'd. _ abci...C(o-2)V '^ (A A(X\ 

-f ~(D-2)! -fci...C(£,-2), • \^.^y}) 

Note that the indices denoted by Roman letters are fiat. Expressed in 
terms of the dual field the action becomes 



^ — 2(D~2)\ J " -^ |t -'n-.-T(£,_2), '^^JiU,d 

I D-3 A^ei...cm-9^.av 

^^ 2{D-2) -'ci...C{j3_2):a 

,D^Ydl-d(D-i)C,y "^ _ lYCi...C(o-3)0.,dY .11 

^2 c-'di...d(o_3)rf, 2 -'ci...C(o_3)d,aJ J ; 

(4.41) 
observe that £"■'^■■■"■0 = g le '^i . . . e,, <^D^i^i---i^D ^q emphasise the fact that 
^i...D _ ]^ (Respite the type of indices. 

Changing the indices a and h in Eq. ()4.39j) to curved space-time indices 

and using the definition ()4.40|) . we get 

e-^ Ti...T^o-2)Y 

(D-2)! ^M-^ -^n...r(^_2),c ^ ^ ^^_^2^ 

On the other hand, varying the action ()4.4ip with respect to the vielbein 
e^a, while regarding V^i...t(o_2), ^^ some independent field gives 



^(D-2) 
"•^ ~ 2(D-2)! J '^ 2:^l2£ ''^■■■^'^"^'<yj^J^i...r(o_2) 



a 



(4.44) 
+ [terms of order (Ki...r(B-2), ")^]}'^e^a = 



or 



e^'^'-^^^-^^dr,Yr,...r^u-^y " = Nims of ordcr iYr,...r^^^,^, yy (4.45) 
To lowest order in 5^ri...T(£,_2), the equations of motion for gravity become 

e^r,...no-^,Q^^Yr,...r,,_,^" = Q, (4.46) 
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leading to the conclusion 

^ri...r(£3_2),a = 0'[Ti'^r2...T(£,_2)La- {^■^') 



We have thus shown that there exists a dual formulation of gravity based 
on the fields e^" and mri...T(o_3) • In particular when D = 11, the 
preferred field corresponding to the generators i?ci...c8,d ^Joes really be- 
long to the field content of eleven dimensional supergravity. One finds 
that the local Lorentz transformation 5e^i,^ = X^^ is a symmetry only if 

X^y^ r- \pK lOOl 

"'"'T2...T(£,_2),a ^T2...T(£,_2)apK^ |6fl|- 

Based on these considerations, it is conjectured that pure gravity 
in D dimensions could be described as nonlinear realisation based on 
the very extended P^d-z- This is also consistent with the observation 
that Aj^^ is a subalgebra of en, since eleven dimensional supergravity 
contains gravity. The preferred fields m^ and mc^,,,c,u-'i),d used in the 
dual formulation of gravity correspond precisely to the generators i^"^ 
and R'^^-'^(D-3)4 g^f^ levels zero and one for Ajl^. The major difference is 
that i?[^i---'^(o-3).rf] = 0, while '^ci...C(o-3),rf does not have a such constraint. 

4.3.2 The field equations 

Instead of starting from the Einstein-Hilbert action, we now want to 
derive the Einstein's equation from field equations [2H] • Define a {D — 2)- 
form 

Ya = eab,...b^^_,/' A ... A e'(°-3) A 07^0-2)^0-1) (4.43) 

with e" = dx^ef' and u""^ = dx^uj ""^ . Written as an antisymmetric tensor 
we get 

V —(TI — OWp P ^1 P ^(D-i) \D-2)h(D-l) 

-fpi...p(D_2),a — l-^ ^J-^ab-i_...b^r,_i-)'i[p- ■ ■ ■ '^P(d-3) P{d-2)] 

(4.49) 
Define also a. {D — l)-form 

Ma = -£afei...fe(d){(£'-3)c<;''^^ Ae^ Ae''^ A... Ae^o-3) Acu^o-2)f'(D-i) 

+ (-l)^-3g6i ^^^^^ g6(B_3) A cJ^o-2)/ A cj/<°-^)} 

(4.50) 
or as a tensor 

Kl-P(D-l),a = -{D - l)\eab^...b^o-i) X 

''1 p /p b2 p ''(■^-^),,, ^D-2)6(D-l) 



^, 



{{D - 3)^[^^ Vl^p/^P3 • • • ep(z,-2) -p(,_,)] 

+(-i)"-^e,;^ . . .ep,,_3;-->.p,._2;-->\^_^,];-->}. 

(4.51) 
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The equations of motion are then 

dYa-Ma = or 

(4.52) 
The torsion and the curvature tensor are defined as 



. _ ..a , ,,..„. ^ rr^^^a^ 2(a[,e,f + ..f/i.e,;) ^^_^g^ 






respectively, with R^b = ^^a^t^u'^b and R = e^'^e'^^i^^^^^. Using Eqs. K^ . 
(P3T]1 and (P3^ . we find 



^(15-3) f'{D-2)''{D-l) 



C-a6l...6(£,„i)C- 1 2 -^lypi ^p2 • • • ^P(I3-3) ^P(D-2) 






b{D~3) ^{D-2)f *(-D-l) 



^^(D-3) ^P(D-2)/ 



T^Vl ■ ■ ■ ^P(D-3) ^y^P{D^2) i — ^■ 

(4.54) 

Noticing the sum of the last two terms as the Einstein tensor, we finally 
get 

tabi...b(£,-l)'^ I 2 J^Pi P2 • • • ^P(D-3) ^P(D-2) J 

-2i-l)^-'eiD - 3)!(i?^ - ie^.i?) = 0. 

(4.55) 
If we use the Levi-Civita connection the torsion will vanish, then the 
Einstein's equation in vacuum is obtained. Eq. ()4.52j) is second order in 
space-time derivatives, to find an equation system with only first order 
derivatives we introduce the fields 

^/x — (^ )p 5 'ITT'Ci...c^o-3)4^ ^ci...C(o_2),c^- (4.56) 

The equation system 

Ya-ka = dnia + ^J' A rrih 

dka + n," Ah-nJ'AYb-Ma = o ^ ■^'> 

with VtJ" = dxf'il^J', rua = dx^^ A ... A dxP<-'^-'''>mp^,„p^^_^^^a and ka = 
dx^^ A ... A (ix''(°-2)fcp^ p 2),a5 is just what we are looking for, since 
putting the first line into the second yields 

dYa - {dnj" + n/ A n^^) Amb-Ma = (4.58) 
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or 

Note that the second hne in Eq. ()4.59|) is satisfied automatically if Vt^J^ 
is defined as Vt^^ = {e~^d^e)J'. Eq. ()4.57|) in terms of tensors is 

pfj''^pi-p(D-2) I f) h —ci^Y L — 1 Af 1 — n 

c i-Ly^rvp-^p^^_^^^a ^^ua ^ Pi---P(d-2),o D-1 '^Pi---P(D-2),aI ^ 

(4.60) 
With Upmp-^p^^_^^^a = C'/i'^pi...p(o_3),a + "^a "^pi...p(i3_3),6- 

4.3.3 Nonlinear realisation of gravity 

The reformulation of gravity contains fields with the same index struc- 
tures as the low level generators of Aj^g , written with respect to A^^i 
representations. We can start from the other end and try to find co- 
variant equations, that are globally invariant under A~^~^t^ and locally 
invariant under its subgroup which is invariant under the Cartan invo- 
lution. We consider only the generators at levels zero and one, namely 
K%, W^-Hn-,)^d ^^^ R^^ ^^^_^^,^. We take 

g = e-^^/e-'^'^^e'^^i -(--3)'^'''"''"''''' (4.61) 

to be the coset representative, where ^ici...c,r>-3)A = is also satisfied. 
The Cartan forms is then 

V ^ g-'dg - ^ = rfa;^{e/P, + n^J'K\ + D>,,..,^^_3,,,i?^--(--3)''^} - u 

(4.62) 
with 

+^>d '^ci...C(£,_3),a- 

(4.63) 
The Einstein's equation ()4.57|) written in tangent indices is indeed 
built up using the fields e^", fiab', oj^^^ and 

J^Cx^^C2...C(B-2)4 

= ^d ■ ■ ■ ^C(£,_2) (C'/ii^^P2..-P(I3-2).<i "T ^>lrf '^/i2---/i{D-2).a)' 

(4.64) 
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but the appearance of kc^,,,c^o-2)4 ^^'^ "^[ci...c(o_3),d] indicate that we must 
include higher level generators of Ajl^ in the nonlinear realisation. The 
fact that Ajl^ is infinite dimensional may be solved by the inverse Higgs 
mechanism, leaving only a finite number of Goldstone fields as result 
|28j . The final covariant objects are obtained by simultaneous nonlinear 
realisation with the conformal group. Carrying out this procedure should 
give ()4.57|) as the unique equations invariant under both groups up to 
the considered level. 

4.3.4 Some more features 

The generalisation to include matter fields is done by introducing a rank 
p gauge field A(p) = ^dx^^ A . . ./\dx'^^A^^,,,^^ with field strength -F(p+i) = 
(iA(p) or 

i^Mi...Mp+i = {V+ 1)5[mi^m2...mp+i]- (4-65) 

The dual field strength is given by 

G(D-p-i) = *i^(p+i)- (4.66) 

Introduce also 



^ (p)a tA "^ /\ . . . /\ dX J^ fii...fip,a 



(4.67) 



using which we define 

Ma = Ma + {G(B_p_i) A F(p), - {-lYG(^D-p~2)a A F(p+i)}. (4.68) 

Replacing Ma in Eq. (jO^ or P37j) by Ma we obtain 



PM pM R — ^ ^'' r FAtPl-.-Pp I? p/i ppl-Pp+ip \ 

-"-a n a I T^ qM„|L-' J- api...pp 9/^, iN^a"' J-pi...pp+iS 



1 (D-vV 1 

,_pM D = V yJ ipP-Pl-.-Pvp 

2 '^ (D-3)!p!^ ''''■■■''' 2(p+l)^'^ 

(4.69) 
with the connection chosen so that the torsion vanishes. The right hand 
side is precisely the desired contribution from the energy momentum 
tensor. It can be verified explicitly that dMa = 0, which is consistent 
with the fact that the equations of motion Ma = dYa must conserve the 
energy and momentum. 

The equation system with the linearised Einstein's equation involves 
the unconstrained field ^ci...C(o_3),d- However, one can have a dual for- 
mulation of gravity which at the hnearised level is given by [SHI IHDl IHII 
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where l[ci...cm-3)A ~ 0- Since the equation is second order in space- 
time derivatives, it has an additional gauge symmetry related to the 
local Lorentz transformations discussed below Eq. ()4.47j) . This gauge 
symmetry can then be used to gauge l[cl...c,]:,_3^,d] away, and hence from 
this point of view m[ci...C(£,_3),rf] is not really present. Trying to treat 
gravity in the same way as the gauge fields, we want to have a dual 
formulation of gravity, expressed by equations with only first order space- 
time derivatives. To achieve this, we need only to introduce v4ci...c6 for 
the gauge field Acj^c2C3, but the non-linearity of the Einstein's equations 
requires an infinite number of fields, explaining the infinite dimension of 
the conjectured A^^"^ symmetry. 

4.4 Nonlinear realisation based on en 

We want now to perform nonlinear realisation based on the generators 
from the levels zero, one and two of en. Since the calculations are almost 
identical to those in Chapter |2l it will be done in less detail here. 

We use the subalgebra invariant under the Cartan involution as the 
local subalgebra, a representative for the coset G/H is given by 

g = e^^-P/e'^-'-^"fce^^"i''2''3«"i°2°^e^^''i •'6-f^''-''e'^^i--8>'^^''""' (4.71) 

with rh[ci...cg,d] = 0. Calculating the Cartan form 

V = g^^dg — oj 

= dx^{e;Pa + n^a'K\ + ^,b,A,,,,,.^R^^^-^^ (4.72) 

we find 

Dp,AciC2C3 = d^Ac^c2C3 + 5{e d^e)^^_^ A\i,\c2C3] 

-D^^ci...c6 = f^M^ci...c6 + 6(e a^e)j^^ A|ft|c2...c6] ~ 20A[cjC2C3-D|/^|Ac4C5C6] 
b^mc^...cs,d = c^/.mci...c8,d + 8(e"^(9^e)j^^ m|b|c2...c8],d-Tr 

~ (31)3 [ciC2C3l-^|/i|^C4C5C6j^C7C8]rf ~ 3igT^[ci...C6-^|Ai|^C7Cg]d 

(4.73) 
with (— Tr) denoting a term which ensures -D^m[ci...c8,d] = 0. 

Simultaneous nonlinear realisation with the conformal group yields 

^ci...c4 = 4(e[^^^9|^|Ac2C3C4] + e[,,^(e~^9|/,|e),/A|b|,3,,] + . . .) 

Fc....c, ^ 7(e[/9|^|A,2...e7]+e[/(e-i9|^|e),/A|,|,3...,,] + ... (4.74) 
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as the objects covariant under the both groups. Combining these we find 
the equations of motion for the gauge fields as 

F'^^-"* = ;^£c,...cn^''-""- (4.75) 

The equations of motion for gravity should be given by Eq. ()4.60|) . but 
with -D^mci , C8,d replaced by D^rhc^c^^d from ()4.73|) and the addition of 
the field m[ci.„c8,d]- 

The generator D = J2a=i ^"^a ^^^ ^e used to measure the level of a 
generator, since 



[D,K\]=0 and [D, i^^'i^'i^] = i^^'^^'" (4.76) 

with _r9'10'11 corresponding to the eleventh simple root. Acting on the 
coset representative with e^^ gives 



I.e., 









mj' —>■ m' = mj' + r5^„ 



(4.77) 



(4.78) 



Thus, D corresponds to a symmetry which leaves the equations of motion 
(IOn|l and (jI7K|l invariant. 

4.5 The translation generators 

The translation generators in gn carry one lower index and transform 
under Aio, but we did not find any such generators in en. The role of the 
translation generators is to introduce space-time into the theory. Due to 
its transformation properties. Pa is equivalent to a tensor with ten upper 
antisymmetric indices, and corresponds to the Aio representation with Ai 
as the highest weight. Consider thus the possibility that the translation 
generators are contained in a representation of en. From Eq. ()4.27|1 we 



see that the en representation with — /i = |a; — Ai at level Z = | as the 
lowest weight contains the Aio representation A = Ai. Calculating the 
root string to this lowest weight — /i, we find the first weight vector where 
the eleventh root an enters to be 

5 
- li + ai + . . . + a^ + ail = -X - \<j. (4.79) 

A new representation for Aio as a tensor with two upper antisymmetric 
indices then appears. Continuing in this way, we can find all the Aio 
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Level 


Highest weight 


A 10 representation 


/ = 3/2 


(1,0,0,0,0,0,0,0,0,0) 


pai...aio 


/ = 5/2 


(0,0,0,0,0,0,0,0,1,0) 


y/aia2 


1 = 7/2 


(0,0,0,0,0,1,0,0,0,0) 


yf/ai-.as 


/ = 9/2 


(0,0,0,1,0,0,0,0,0,1) 


^/a-^...a■7,b 




(0,0,1,0,0,0,0,0,0,0) 


yf/ai-.as 



Table 4.3: The Aiq representations occurred at the lowest levels of the en 
representation with —li as the lowest weight lS2^ . 



representations contained in the en representation — /i, at the lowest 
levels these are given in Table 14.31 

A linear representation U{A) of a Lie algebra g must be a homomor- 
phism, i.e., U{AiA2) = U{Ai)U{A2) for all Ai, A2 E g. Let \xs) denote 
the states spanning a module for g, and define the matrices 



U{A)\xs) = {c{A)),'\Xt). 



(4.80) 



The matrices c{A) are not the matrix representations of g since c{AiA2) = 
c{A2)c{Ai), instead, we can use these to define d{A) = c{A^) which 
preserve the algebra multiplication. The operation A^ is defined as A^ = 
I'-'P{A), where J*^ is a Cartan involution, while l\A) = —A and inverts 
the order of the operators at the same time. The matrices d{A) form a 
representation since 



diA,A2) = ciI'^I\A,A2)) = c(/^(-A))c(/^(-A2)) = diA,)diA2). 

(4.81) 
We can associate a generator Xg to each state \xs) in the module, obeying 
the commutation relations 



[Xs , Xt 







and [Xs,A] = d{A);Xr, A e g. 



(4.82) 



Thus, {Xg} and g form a semi-direct product algebra [H21- The Jacobi 
identities can be checked exphcitly. 

Consider now the semi-direct product of en and its —h representa- 
tion denoted by eii©sLi. The lowest level generators of Li are given 
in Table ^ni Instead of the generators P"-^-"-^^ t^q ^j^gg ^^j^g translation 
generators 

1 



Pa 



10! 



|^afei...bio 



pbi- 



(4.83) 
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Following Eq. ()4.82|) we have 



\j^aia2a-i yyoi 



bi-.-bR) 



yyaia2aibib2 
p^fel... 65(0102,03] 



(4.84) 



Using the Jacobi identities and Eq. ()4.84|) we also find 



1---06 



Ph 



[-'f 0102 03) -' fej 

[Ra,a2a„W'^'''] 

[Ra,a2a„W''^-'''] 



-3(5hw^''2-'*6] 







6162 

[0102 



126"'"^ Pa., 



Jaia2aa ' 



(4.85) 



Adding the vectors from the — /i representation to the root lattice will 
extend the root lattice to the full weight lattice of en. 
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Conclusions 



In this thesis work some symmetry aspects of M-theory have been stud- 
ied. Here the relevant symmetry groups of a theory are the ones used 
when the theory in question is reformulated as nonlinear realisation. The 
technique of nonlinear realisations is used to describe the low energy dy- 
namics of a theory, in which a symmetry is spontaneously broken, but 
at high energies the same symmetry is expected to be linearly realised. 
In this way we found that the bosonic part of eleven dimensional super- 
gravity was globally invariant under both the conformal group and an 
enlarged afiine group called Gn. In the calculations, the Lorentz group 
was taken as the only local symmetry group. We then argued that M- 
theory itself should contain a coset symmetry, with the very extended 
group Ell and its Cartan involution invariant subgroup being the global 
and the local symmetry group, respectively. At least we showed that the 
Lorentzian group En satisfies some necessary conditions, e.g., it contains 
all the symmetry groups occurring in the dimensionally reduced super- 
gravity theories. Also, the generators of Gn can be identified with the 
lowest level generators of En. The Goldstone bosons introduced in the 
nonlinear realisation will correspond to the gravity degrees of freedom 
and the gauge fields. If the infinite dimensional en is the symmetry 
algebra, new symmetries that mix gravity and the tensor gauge fields 
non-trivially would appear at higher levels. During the identification of 
the Goldstone bosons we had to reformulate the theory of gravity to in- 
clude a field, which is dual to the vielbein. It was then also conjectured 
that pure gravity in D dimensions should have a hidden Kac-Moody 
symmetry, namely the very extended version of hu-^ usually denoted 
as Aj^^. The way the space-time generators and the conformal algebra 
relate to en nonlinear realisation is still not very well understood. 
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The existence of fermions in the eleven dimensional supergravity im- 
plies an osp(l|64) symmetry, which is the only algebra containing both 
the supersymmetry group and the conformal group. This algebra con- 
tains gl(32) as a subalgebra, which rotates the spinor index on the su- 
percharges. Being a brane rotating symmetry jHS], sl(32) is the most 
natural generalisation of the Lorentz algebra when branes are present. 
Consequently, sl(32) must also be a symmetry of M-theory and somehow 
be related to en. Indeed, the commutation relations in ()4.3()j) are part 
of the commutation relations defining the sl(32) automorphism algebra 
|32j . The rank two and rank five antisymmetric tensors appeared in the 
en representation with the lowest weight — /i (Table 14. 3|) can be identi- 
fied with the central charges of the eleven dimensional supersymmetry 
algebra. Thus, sl(32) is contained in the Cartan involution invariant sub- 
algebra of en, not as a subalgebra, but as a truncation and hence to get 
the entire osp(l|64) the —li representation must also be added. Nonlin- 
ear realisation of eii©sLi should be able to describe point particles and 
branes on an equal footing. 

In the familiar nonlinear realisations used in particle physics, space- 
time is introduced in an ad hoc way and the reducing matrix does not 
depend on space-time. As a result, a group transformation does not 
change the space-time dependence of any solution. The nonlinear reali- 
sation considered here involves space-time in a more complicated manner, 
and thus one can expect that the possible group transformations that one 
can carry out on any solution are much more extensive. In this thesis 
we have interpreted the tensors found in the — /i representation of en as 
space-time translations, central charges of the supersymmetry algebra as 
well as an infinite number of other states. However, there is an alterna- 
tive approach to the translation generators. The theory is still thought 
to be a nonlinear realisation of en, but the fields are now assumed to 
depend on an auxiliary parameter and all the space-time dependence 
was assumed to arise in the same way from the equations of motion of 
the nonlinear realisation [33|32]. At level seven there is an Aio repre- 
sentation which also may be identified with the translation generators, 
and hence providing another way to introduce space-time into the the- 
ory. It was then conjectured that the adjoint representation of all G"'"^"'" 
contains a generator, which belongs to the correct A representation to 
be identified as space-time translations inSj. But it was soon found that 
this is not true for e.g., 'Dn-s' ^^^ '^^^ ^ ^^^ -^n-s ^^ even n. Thus 
this mechanism cannot be applied to IIB theory and the bosonic string 
D24^^ |2ZI- Furthermore, even if a generator with the correct A repre- 
sentation properties does occur, it is usually not unique. For en such a 
generator occurs at levels (7 + lis) for any non-negative integer s. The 
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question is then which of these is the real space-time translation gener- 
ator. Moreover, one finds that some of these operators occur with outer 
multiplicity greater than one, i.e., even at a given level there is often more 
than one choice. Even though the level seven candidate does have the 
correct A properties, it has the problem being non-commutative. Our 
usual picture of space-time translations as commuting quantities must 
then change drastically. Having these considerations in mind, it is at the 
present stage more plausible to let the translation generators come from 
a basic representation of en. 

In Chapter 01 we have studied the simple roots of the Lorentzian Kac- 
Moody algebras, but for a general Kac-Moody algebra not very much is 
known. The real roots have single multiplicity, while no closed expression 
exists for the imaginary roots, only the recursive Peterson and Freuden- 
thal formulas [H] can be applied. Calculating the outer multiplicities for 
the vectors in Table 14.11 one finds that the vectors we omitted from the 
root space of en were the only ones having non-positive multiplicities as 
they should |2S1 UEi I2Z| • The real roots are those related to the simple 
roots by a Weyl transformation, and the imaginary roots are Weyl conju- 
gate to elements in the fundamental Weyl chamber which have connected 
support on the Dynkin diagram ^I 12^1 • It is also known that the Weyl 
transformations are related to U-duality jSHj. The representation theory 
of a Kac-Moody algebra is somewhat different from the one of a finite 
dimensional algebra. Consider the level decomposition of a Kac-Moody 
algebra in Chapter HI at positive levels highest weight representations are 
obtained, whereas at negative levels lowest weight representations are ob- 
tained. The adjoint representation of a very extended algebra is neither a 
highest nor a lowest weight representation, instead, it can be obtained by 
taking tensor products of the highest and lowest weight representations 

m 

Given the Dynkin diagram of en, starting from the very extended 
node one can embed an Ag sub-Dynkin diagram in two ways. These 
are the ten-dimensional type IIA and IIB superstring theories fl^ \'■^^ . 
The Ag subalgebra describes the gravity sector of the theory. Generally, 
different ways to embed a gravity subalgebra, i.e., an A^.i subalgebra 
with D denoting the dimension of the theory obtained, inside the Dynkin 
diagram correspond to generalised T-dualities j2(1j . 

During the calculations we have used the subalgebra invariant under 
the standard Cartan involution as the local symmetry, but when con- 
sidering the vielbein defining gravity line sl(n) one finds that the corre- 
sponding local subalgebra is so(n) and not so(n-l,l).To get a space-time 
with Lorentzian signature a Wick rotation is thus needed for the actual 
real form of the local subalgebra of en [331 EZI- Instead, one can define 
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a general involution 

Ea^VaFa, F^ -^ VaEa, H^ ^ -H^, (5.1) 

where rja = ±1 and a is numbering the simple roots. For any combination 
of signs rja, the generators invariant under the corresponding involution 
will constitute a real form of the local subalgebra. Different real forms of 
the local subalgebra will give rise to different space-time signatures, and 
all the possibilities are connected under the Weyl group of en. 

A theory containing en as symmetry should contain an infinite num- 
ber of BPS solutions. Each of these solutions must have a field in the 
theory as its source, and the objects occurring in the — /i representation 
are the corresponding charges. The fields of the nonlinear realisation are 
contained in the group elements of En when modded out by the action of 
the local subgroup. Consequently, given any solution we can write down 
the corresponding En group element. One finds that the group elements 
corresponding to the common half BPS solutions of eleven dimensional 
supergravity have the form 



g = exp (--^f -HlnN] exp {(1 - N)Ep}, (5.2) 

where iV is a harmonic function, /3 is the en root corresponding to the 
generator Ep and H are the Cartan generators. This elegant form of the 
group elements for the usual half BPS branes leads to the idea that En 
can be useful when classifying solutions with a given amount of super- 
symmetry. 

Except the eleven dimensional en there are other very extended Kac- 
Moody algebras with great importance, e.g., the conjectured gravity sym- 
metry Aj^3 in D dimensions. It turned out that the low level content of 
the adjoint representation of a general very extended algebra G+++ pre- 
dicted a field content, which under nonlinear ly realisation was in agree- 
ment with the oxidation theory associated with algebra G [211 HH] • An- 
other interesting example is given by k27, which is thought to be the 
symmetry of the bosonic string pi |22]. The local subalgebra is again 
taken to be the subalgebra invariant under the Cartan involution. Non- 
linear realisation based on the lowest level generators yields the right 
field equations. One interesting property of k27 is that its Dynkin dia- 
gram contains en, indicating that the closed bosonic string contains the 
superstrings in ten dimensions ^J and maybe even M-theory itself. The 
closed bosonic string on a torus is invariant under the fake monster Lie 
algebra |^ HHj . one can then ask how the fake monster Lie algebra is 
related to k27. 
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We have pointed out some of the physical aspects of eiiQ)s^i, but 
maybe the semi-direct product is just part of some larger algebra. When 
adding also the —I2 representation to obtain eii©sLi©sL2, the translation 
generators no longer need to commute. Perhaps the very extended Kac- 
Moody algebras are embedded inside the so called Borcherds algebras. 
M-theory is itself just one step on the way and the very extended algebras 
play an important role in fixing the structure of that theory, similar to 
the supersymmetry. The final algebraic structure may include Borcherds' 
fake monster algebra 03] , which is the vertex algebra on the unique even 
self-dual Lorentzian lattice in 26 dimensions. 
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A 



DifFerential forms 



In this appendix we will review the basics of the differential forms fol- 
lowing the references jTUl EH EHI • 

We define a p-form on an n-dimensional manifold M as 

t = -dx"' A dx^"^ A ... A rfx^^ t^i^2...^,, (A.l) 

where t^^^^,,,^^ is a totally antisjTiimetric tensor. The wedge operator on 
the coordinate differentials satisfies the properties 

{dx^ A dx^") A dx"" = dx^ A {dx^ A dx") (A.2) 

dx^Adx" = -dx^Adx^. (A.3) 



We see that when putting the index fx equal to u, Eq. ()A.3|) vanishes 
identically. This results in that there cannot exit any forms with p > n 
in a ra-dimensional manifold. The antisymmetricity of the wedge operator 
is made obvious through the identification 



/' 



dx"' A ... A rfx^" = / ^"xe^i-'^", (A.4) 



where e^'^'"'^" is the total antisymmetric tensor density with ^i^.-.n _ _|_]^_ 
The number of independent components of a p-form is (") . 

The exterior product, or the wedge product, between a p-form and a 
g-form is a (p + g)-form and it is defined as 

tAw = -y-^dx^'A. . .Adx^^Adx^^+'A. . .Adx^'^+'' t^,,„^^w^^^,,„^^^^. (A.5) 

This exterior product is linear 

(ati + ht2) A w = ati A w + bt2 A w, (A. 6) 
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associative 

tA{wAu) = {tAw)Au (A.7) 

and satisfy the relation 

tAw = {-iy'^wAt. (A.8) 

We define an exterior derivative 

d = dx^d^, (A.9) 

which acts on a p-form to give a (p + l)-form according to 



dt = dAt = ^dx^"^ A dx^'^ A ... A rfx^^+i df,^t^^,„^^^^ 
= ^dx^"' A dxf"^ A ... A rfx^^+i 9[^it^2...;.,+i] 



(A.IO) 



Moreover, the exterior derivative satisfies 

d{tAw)=dtAw + {-lYtAdw, (A.ll) 

and the Poincare lemma 

d{dt) = —dx^ A dx" A dxf"^ A ... A dx''" d[^,d^t^^,„^^} = 0. (A. 12) 

The so called Hodge dual of a p-form is defined as 

^*^^ ^ p\(n-p)\^\ '^''''" ^ • • • ^ ^^'" ^,,+,...,„.,....,t^^•••^^ (A.13) 



where g = det f^^j/. In terms of antisymmetric tensors Eq. ()A.13|1 becomes 
[*'t)^i...^„_p = —r 7T=^£^ii...^in-pi^i..Mpt ■ {-^■^^) 

P- \/\g\ 

The Levi-Civita epsilon has the property 



Pi...pp/ip+i.../j„ 

C- '^pl...ppUp+l...U„ 



±\g\p\in-p)\6;i-_^\...6'^:^, (A.15) 



where the — (+)-sign is chosen whenever the signature is Lorentzian 
(Riemannian). The Levi-Civita epsilon with lower indices is defined as 
£pi...pn = 9pivi- ■ ■g^nun^"'^"'''"- Uslug thc defimtiou ()A.13|) we can also 
deduce that 

. X _ J (— l)^+p(""P) t Lorentzian space ( \ ar\ 

\ (^_l)p{"-p) j(; Riemannian space 
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Having introduced the Hodge dual we can define the adjoint of the 
exterior derivative, which takes a p-form to a (p — l)-forni according to 

A \ (— 1)"^+" * (i * t Lorentzian space i \ ^7\ 

~\ (— 1)"^+"+^ * (i * t Riemannian space ' \ ■ ) 

The Laplacian is then defined by 

/\ = {d + Sf = d-d^ + d^ -d, (A.18) 

taking a p-form to another p-form. According to the Hodge decomposi- 
tion theorem an arbitrary p-form tp can always be written as 

tp = dap_i + d^(3p+i + 7p, (A. 19) 

where ap_i is a (p — l)-form, /9p+i is a (p + l)-form and 7p is a p-form 
obeying A7p = 0. The Hodge dual is also used to define a symmetric 
inner product of two p-forms in a n-dimensional manifold M 

{t,w) = / tA*w. (A.20) 

Jm 

Generally, the integral of some p-form t over a p-dimensional subman- 
ifold S C M is 

^t = ^da"^A...Arfa"n:^_^, (A.21) 

where 

t* = -da'^^ A ... A rfa"^^ . . . ^t., „ (A.22) 

is the pull back of t on S. The coordinates o"" are used to parametrise the 
submanifold E. After having mapped injectively between the coordinates 
X and o", we find the integral to be 

dx^^ dxf^p 
da" . . . da^ 

As the end of this short review we state the Stokes theorem 



t= I da\..da^^-^...^-^t,„„,^. (A.23) 



dt= t, (A.24) 

S JdT, 



where dH is the boundary of some manifold S. 
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B 



The conformal group 



A conformal transformation of the coordinates is by definition an invert- 
ible coordinate mapping, which leaves the metric tensor invariant up to 
a scale 

9U^') = e^^''^g,u{x). (B.l) 

The space-time coordinates in d dimensions are denoted by 

x^, fi = 0,l,...,d-l (B.2) 

where the zeroth index is referring to the time direction. We will through- 
out this appendix use the signature 77^,^ = diag(l, — 1,— 1,...,— 1). 

The conformal transformations do not affect the angle between two 
arbitrary curves crossing each other at some point, explaining the use of 
the word conformal. This property can easily be seen by considering the 
angle 9 between two vectors u and v 

rn^ft= ^ (B.3) 

^y{u■u){v■v) 

Each scalar product involves a metric, thus under a conformal transfor- 
mation the scale factor e^^^^ on the numerator and the denominator will 
cancel out. 

To find the conformal generators we examine the infinitesimal coor- 
dinate transformation x'^ — >■ x'^ = x'^ + e'^{x). The metric will then 
transform as 

9,,u{x) -^ v(^') = 9,^u{x) - {d^ey + d^e^,) (B.4) 

to first order in e. For conformal transformations the condition (jB.lll has 
to be satisfied, which results in 

9^e, + 9,e^ = (l-e^(^))^^,(x). (B.5) 

81 



Taking the trace on both sides, i.e., contracting with g'^'^ we find 

t/(l-e^(")) = 29^e^ = 29-e (B.6) 

where d denotes the dimension. Inserting this back into Eq. ()B.5|) we get 



2 
df^e^ + d^e^, = -ig^iud ■ e, (B.7) 



to which we apply a derivative d" and obtain 



d^id-e)+d''d,e,= '^d,{d-e). (B.t 



To solve the differential equation ()B.8|) we first act on it with d^ yielding 

'^\d^'d^{d-e)=0. (B.9) 

If we instead act on Eq. ()B.8|) with d,^, we get 

4 
d 



d^d^id^e, + d,e,) + 2 - - d,d,{d ■ e) = 0, (B.IO) 



where we also have symmetrised over /i and u. After making use of 
Eqs. ()B.7jl and ()B.9|1 we arrive at 

2-^)d,d,{d-e) = 0. (B.ll) 

The general solution of this equation is (for d ^ 2) ^\ HHj 

C/, = a^ + h^yx" + c^i,px''xP. (B.12) 

Putting this solution into the original differential equation ()B.8|) . we find 

e^^ = a^ + Ax^ + u^X + fe^x^ - 2x^'h ■ x, (B. 13) 

with uj^j,i, being an antisymmetric tensor. From Eq. ()B.13|1 we can read 
off the finite conformal transformations on the coordinates, these are 

i. translations 

^i^ _^ 3./M = x^' + a^' (B.14) 

ii. Lorentz transformations (spatial rotations and Lorentz boosts) 

x'' ^x'>' = u:^'X (B.15) 
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iii. dilations 

x^ ^ x''^ = Ax^ (B.16) 

iv. special conformal transformations 

a;M ^ a-'M = ^/" ^,^ ^ . (B.17) 

l + 2b-x + b^x^ ^ ' 

The specific form of the special conformal transformations is motivated 
by expanding Eq. (jB.lTjl and keeping the lowest order terms only 

(x'^ + 6V)(l-26-x)^x^ + 6V-2a;'^6-x, (B.18) 



l + 2b-x + 62a;2 



which are precisely the last two terms in Eq. ()B.13|1 . 

We define the generators G^ of the conformal group by 

X ^ x' = X + e'^GaX, (B.19) 

where e" is an infinitesimal tensor. Comparing with Eq. ()B.13|) we find 
the generators of the conformal algebra to be 



(B.20) 



p. 


= 


d. 


M^, 


= 


•^fJs^U '^U^fl 


D 


= 


x'^d. 


K, 


= 


2x^x'^d^ - x'^df 



^n 



corresponding to translations, Lorentz transformations, dilations and 
special conformal transformations, respectively. The commutation re- 
lations of the conformal algebra will thus be 



[D,P,] 


= -P, 


[D.M^,] 


= 


D, K^ 


= Kp 


K^,K^ 


= 


K^, Pu 


= -2{r]p,D + Mp,) 


Kp, M^y 


= {rippK^ - r]p^Kp) 


p p 


= 


Pp, Mfj^u 


= [Jlpt-tPy ~ VpyPp) 


M^^,Mp„ 


= {rjp^Myp + TjypMp^ 



(B.2i: 



rippMua -riuoMpp). 

One can also show that there is an isomorphism between the conformal 

group in (d — 1, 1) Minkowski dimensions and the Lorentz group S0(d,2). 

The conformal generators given in ()B.20j) were above applied directly 

on the coordinates, and to obtain the action of the conformal generators 
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on a field we have to take the intrinsic degrees of freedom into account. 
We define the generators S^j, (Lorentz transformations), A (dilations) 
and K^ (special conformal transformations) of the stability subgroup of 
X = 0. These generators have the property that they leave the point 
X = invariant. The commutation relations of the stability subgroup 
are 



[A, S^.] 


= 




'A, K^ 


^ l^/l 




f^flj f^u 


= 




f^p-i ^fj,iy. 


^ Vlpp^v Vpv^p.) 




y 

-'IIP •! ^~' pa 


^ ylpcr^up + Vvp^fMa 


-Vpp^ 



(B.22) 

~ 'lua^fip) 

in analogy with Eq. ()B.21jl . The generators of the stability subgroup will 
also commute with P^, M^^, D, K^ and the coordinates x^. 
For an arbitrary field (pai^), the basis is chosen such that 



P,M^) = g^M^)- (B.23) 

Note that the translation generators do not act on the indices of 0a (a;). 
The actions of the other generators at a; = are given by 

M^,(^,(0) = S^,(/.,(0) 

DM0) = A0,(O) (B.24) 

i^M0a(O) = ft:^0a(O). 

Using Eqs. (JR28|l and (JR24J1 together with the fact that 

0a(x) = exp(a;^P^)0a(O) (B.25) 

we can find the actions of the conformal generators on arbitrary fields 



P^(l){x) = d^(l){x) 

[xi^du - Xyd^) + S^i,] (j){x) 

x^d^ + A] 0(x) 

{2Xf,Xudu - x^d^) + 2x'' [rj^yA + S^,,) + /t^] 0(x) 

(B.26) 

The commutation relations in Eq. (JB.2H) are still satisfied. 



M^^(t){x) 

D(t){x) 

K^(j){x) 
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c 



General coordinate 
transformations 

An infinitesimal general coordinate transformation is given by 

xt' ^x'^' = x^' + e^'{x), (C.l) 

where e'^ is an arbitrary infinitesimal parameter. We can expand e^ as an 
infinite series in powers of x, and the general form of the infinite number 
of generators is 

dx" ^ ' 

The index (n — 1) indicates the length dimension of the generator, i.e., 
the number of x^^ minus the number of derivatives present. 

We will show that all the generators in this infinite dimensional al- 
gebra can be obtained by commuting the generators of two finite di- 
mensional algebras, namely the conformal algebra and the affine algebra. 
This observation was first made by the authors of and |6j. 

The generators of the conformal group are P^, M^^,, D and K^. 
The realisation of these generators using the coordinates can be found 
in Eq. ()B.20jl . while the commutation relations of the conformal algebra 
are given in Eq. ()B.2H) . On the other hand, the generators of the afRne 
group are P^ and R^^y 

o, ^ , (C.3) 



B = X d =T 



.(0) 
/ 

Note that a metric has been implicitly introduced to lower the indices in 
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Eq. ()C.2|) . The Lie brackets of the affine algebra will then be 

[P,,Pu] = 
[Pp,R,A = Vp,Pu (C.4) 

Consider now the closure between the conformal and the affine group. 
Taking the commutator between Kp and R^v gives 

[/Vp, iX^i/J yyZX pX Ofj X Op) , XpOi,^ ^„ -^ 

^X pXyOp ZXpX ljplfO(j X X(jTjppOy ^ 

which contains generators quadratic in x^, in particular the generator 
T = XnXydp. From Eq. ()C.5|) we see that since T is symmetric 



pvp 

in the indices ^ and z/, it is the symmetric part of the generator R^^j 
that is important. Generally, we can commute T*^") with Kp to obtain 
generators of one order higher. Thus any generator of the form given by 
Eq. ()(y.2j) can be obtained as a repeated commutator of generators from 
the conformal and the affine algebra. 

The reason an infinite dimensional algebra is generated when taking 
the closure of two finite dimensional algebras, is the fact that there is an 
overlap between the conformal group and the affine group. And more im- 
portant, there must exist generators outside the overlap in both groups, 
and the commutation relations involving these generators are non-trivial. 

overlap 



Kp , D , Mp, , Pp , Sp, (C.6) 

conformal algebra af fine algebra 

The generator Spy denotes the symmetric and traceless part of Rpy, 
whereas Mpy denotes the antisymmetric part. 

The generators in the conformal algebra which are not included in 
the affine algebra are the special conformal ones. The geometric inter- 
pretation of the special conformal transformations is not very obvious, in 
comparison with the other transformations. It is essentially an inversion 
followed by a translation and yet another inversion 



X' 



A* 



x^ y^ x^ + b^x^ 



^M ^ > 7/^ = I- ft^ ^ — = ■ (C 7) 

x2 ^ a;2 y^ 1 + 2b'^Xy + b^x^ ' ^ ' ^ 

We can also consider the special conformal generators directly, by ffist 
defining the coordinate inversion operator / 



x^ 



mixn] = ( - ) . (c.^ 
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The corresponding sequence of transformations for an arbitrary field will 
then be 

- /[p,(j[0(x^)])] = i[p,]{im{xn]]) = i[PM^n- ^ ^ ^ 

The operator /[P^] is then found to be 



9xmJ gt xJi \ dx^ 

— (n°' T^T —Or'^T "l-^ (CIO) 

= -K,. 

The conclusion is that the conformal transformations consist of transla- 
tions, Lorentz transformations, dilations and inversions. The inversion 
itself cannot be written as a generator, since the operation inversion is 
discrete and thus contradicts the infinitesimal nature of the generators 
for a continuous Lie group. Therefore, inversions appear in a disguised 
form as special conformal transformations. 

The analysis of the closure between the conformal and the afiine group 
can easily be generalised to include supersymmetry 0. 
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D 



Transformations under the 
conformal group 



In this appendix we calculate the transformations of the preferred fields 
and an arbitrary field of degree / under a coset transformation, having 
the conformal group as global symmetry and the Lorentz group as local 
symmetry |9j. The reducing matrix 

transforms according to 

^(C) - g'iC) = AgiA-K)h-\A-\, A) (D.2) 

under the coset, A is a global conformal transformation and h is a local 
Lorentz transformation. The coordinate vector in (11,2) dimensions is 
given by (a. Conformal transformations in (10,1) dimensions can be writ- 
ten as Lorentz transformations in 13 dimensions, and we assume that the 
local 11-dimensional Lorentz subgroup only acts on the 11- dimensional 
subspace spanned by the indices fi. We can thus form a true 13-vector 
by 

^A = I {g/' - g/') , (D.3) 

which transforms as 

$^(C) - <^'A0 = a/$b(a-ic). (d.4) 

Inverting Eq. ()2.92|) gives 



$^-x^(<l>5 + $e 



/^2 



e-'^ = ($5 + $6) 
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(D.5) 



Knowing the transformation laws for $a(C) under different global confor- 
mal transformations, we can deduce the transformations of the preferred 
fields using Eq. ()D.5j) 



i. inhomogeneous Lorentz transformations 



(t{x) -^ a'(x') = a{x) (D.6) 

Mx) ^ <P'^ix') = A/0.(x) 



ii. dilations 






a{x) -^ a'{x') = a{x) + X (D.7) 



iii. special conformal transformations 



X -^ x' = ^m+"m^ 



a{x) —^ a'{x') = a{x) + \n\l + 2b-x + b^x'^\ 
^^,lx) -^ 0^x') = (l + 26-x + 6V)0^(x) 

+ [{1 + 2x ■ (j)){l + /3 ■ x) - 2x^(3 
-[2/?-0 + /32(l + 2x-0)]a;, 



^/i- 



(D.8) 
The local Lorentz group elements in 11 dimensions are obtained as 
h{C, A) = g'-'Ag = e~'''^e"^'-^e^'-'' Ke-^'^'e*-^ e^^ , (D.9) 

into which we substitute Eqs. ()D.6|) . ()D.7|) and ()D.8|) to get 
i. inhomogeneous Lorentz transformations 

(D.IO) 
(D.ll) 





V(C,A) = 




ii. dilations 




= e-^Xf, 
= 9f,v 


iii. special conformal transformations 






x'^ = x^ + {xH';, 


- 2x^x'')l3, 



h^^{C, A) = g^^ + 2{P^x^ - /3^x^) + 
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(D.12) 



for different types of A. Note that for pure translations, i.e., x'^ = x^+a^, 
tfie Lorentz group element will be hf^i, = rj^y. 

We can also compute the infinitesimal variations in an arbitrary field 
ip, induced by the conformal transformations. Assume ip{C) is homoge- 
neous of degree /, it will then have the transformation 

^(C)--^'(C') = D{h)i;{A-K) ^ {1 + D{6h))^{0 

We define a function depending on the coordinates in 11 dimensions as 

ij{x) = «:-V(C), (D.14) 

where / = nd/dn is the degree of homogeneity and k = (^12 + Cia- The 
infinitesimal transformation of a such field is 

- (1 - /^ + K-^ V'^'^J ^(^) (^-^^^ 

?a ip'{x) + 5x'^dfj,ijj{x), 



S^(x) = ^'(x) - ^(x) ^ - ( dx^d^ + /— - 7;iSh)^''Sf'^ ) ^(x). (D.16) 



resulting in the infinitesimal variation 

.5k 1 

S^j^ are the field specified representations of the generators in the local 
Lorentz group. The quantity 5k/ k is given by 

c- r inhomogeneous Lorentz transformations 

— = < A dilations . (D.17) 

y 2l3 ■ X special conformal transformations 

Inserting Eqs. (fTTTnll . (fOTT^ . (fiTT2|l and (fTTTTJl into Eq. (fiTTfi|l yields 

i. inhomogeneous Lorentz transformations 



^X^ 6^ Xi; ~r CX^ 



5a = -{t^"'x^ + a^')d^a (D.18) 



'(^Ufl 



-{e-'^Xr + a'')d,(t)^ + e/0. 



if 



5^ = -(eA«-x, + a^)a^V + iC'^^V' 



ii. dilations 



LL ''^ LI 

<5V(C,A) = 

5a = Xix'^df.a + l) (D.19) 

% = \{x''d, + l)^^ 

5il) = X{x^d^-l)i) 
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iii. special conformal transformations 

5x^ = {xHl^- 2x^x^)13, 
Sh^^{C,A) = 2{(3^,Xy- (3yX^,) 



^M 



S^ = -p^{x'^g^f'-2x''x>')^^^-2lp^'x^^p + 2p^x''S^'^iJ, 

(D.20) 



where we also have expanded Eqs. ()D.6j) . ()D.7j) and ()D.8jl . The non- 
vanishing of the vacuum expectation values at the origin, 6a{0) = A and 
S(f)^{0) = (3^, implies the asymmetry of the vacuum. 
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E 



Real principal subalgebras 



A rank r Lie algebra can always be represented in the form 

g = N_®H(BN+, (E.l) 

where H is the Cartan subalgebra, A^_ and A^4. are the triangular subal- 
gebras consisting of the multiple commutators of the generators Fi and 
Ei, respectively. We will now find the conditions for a Lie algebra to 
contain a rank three real principal subalgebra jl3[ IT^ . 

Principal so(3) subalgebras 

Every finite dimensional semi-simple Lie algebra g has a principal so(3) 
subalgebra, due to the positive definiteness of the inverse Cartan matrix. 
The generators of the principal so (3) subalgebra are constructed using 
the Weyl vector p = Y7i=i la^a) ^^' with Oj and Aj being the simple roots 
and the fundamental weights of g, respectively. The Cartan generator of 
the principal so (3) is defined by 



r 



J, = J2 p^'^H^r'^^ ^ [J3, E^] = (p, a)E^, (E.2) 

where H^""^^"""" and Ea are the Cartan generators and the generator as- 
sociated with the root a, respectively, given in the Cartan- Weyl basis. 
Also, the combinations of the simple root generators 

r r 

J+ = Y,kiE^. , J- = ^fc,E_,^ (E.3) 

satisfy 

[J,,J^]=±J^ , [J+,J-] = J3 (E.4) 
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with kf = p^'^\ The Lie algebra can then be decomposed with respect to 
the principal so (3) subalgebra into r irreducible representations of spin 

r 

g = 0g(^^), (E.5) 

i=i 

where g*^^^^ carries the {2s j + l)-diniensional irreducible representation of 
so(3), and the r spins Sj are called the exponents of g. Generally g*^*^^ is 
empty, whereas g*-^-* is the adjoint representation of the principal so(3) 
subalgebra. The exponents Sj contain important informations about the 
Lie algebra g. For instance, the orders of the invariant Casimir operators 
are given by the numbers Sj + 1, and the quadratic Casimir invariant is 
thus always associated to the representation si = 1. Using the Chevalley- 
Serre basis Ei = Ea^, Fi = E^^i and Hi = H^"-^^"-"' we can rewrite the 
generators J3 and J^ according to 

r r r 

i=l j=l i=l 

with 

r 

p, =pW=^A,r.i>0 and h = ^i. (E.7) 

The relations pj > are due to that A^^ > for a finite dimensional Lie 
algebra. 

Principal so(2,l) subalgebras 

The concept of principal subalgebras can be generalised to a rank r Kac- 
Moody algebra g. We can again define a generator J3 = Y7i=i p'-^-'-f^^"^*""', 
where H^"'^*"'"' are the Cartan generators in the Cartan-Weyl basis, and 
p = X]I=i (a^a) -^i ^^ ^^^ Weyl vector. Expressing the fundamental weights 

as 

r 

A, = j;K,a,Mr;^-^, (E.8) 

allows us to rewrite the Weyl vector as 

ij^i {<yj,aj) 
The generator J3 then becomes 

r 

J,= Y,A^H„ (E.IO) 
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where Hj are the Cartan generators of g in the Chevalley-Serre basis. 
The generator J3, together with 



J+ = Y,hE, , J- = J2hFi, (E.ll) 



i=l i=l 



constitute a so(2,l) algebra. The hermiticity property [J^Y = J will 
be satisfied only if ki = I*, since [EiY = Fi. Furthermore, demanding 
[J+, J~] = YJl=i hkHi = - J3 requires 

r 

0<\k,\' = k,l, = -J2A^^Pr (E.12) 

The remaining Lie bracket of so(2,l), [J3, J^] = ±J^ are then satisfied 
automatically. Thus, a real principal so(2,l) subalgebra exists if and only 
if 

r 

5^A^'<0, Vj. (E.13) 

For instance, all the hyperbolic Kac-Moody algebras have a principal 
so(2,l) subalgebra, since all their fundamental weights lie in the forward 
light-cone, and thus A~j^ = . ^^ ^ (Ai, Xj) < for all the indices i and j 

The algebra g can again be decomposed into irreducible represen- 
tations of the principal subalgebra. Due to the non-compactness of the 
group SO (2,1), all these irreducible representations will be infinite dimen- 
sional and unitary, except the adjoint representation of so(2,l), which is 
neither. The unitarity means that one can define a scalar product [x, y) 
on the representation space, being hermitian and positive definite with 
the properties 

{[E,,x],y) = {x,[Fi,y]) w ^ „, ^ ^ (t, .a) 

The representation space is then the vector space of the algebra g, with g 
acting on itself by the adjoint action. Assuming that the algebra possesses 
an invariant bilinear form (-I-), i.e., a generalised Killing form, we can 
define the scalar product on the representation space as 

{x,y) = -{x\e{y)), (E.15) 

where 6 is the Cartan involution 

e{E,) = -F, , e{F,) = -E, , d{H,) = -H,. (E.16) 
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The generators J3 and J^ of the principal so(2,l) can be verified to 
satisfy Eq. ()E.14|1 . with J3 being self-adjoint and J^ mutually adjoint, 
respectively. Taking the norms 

r r 

(J3, J3) = p2 = _ ^p^ < and (J+, J+) = (J-, J-) = ^j9, > 

1=1 i=l 

(E.17) 
shows that the adjoint representation of so(2,l) is indeed not unitary. 
Since the representation space is decomposed into orthogonal subspaces 
consisting of the Cartan subalgebra and subspaces associated with each 
root, all the other irreducible representations in the decomposition of g 
will be unitary. This conclusion is made by observing that the subspace 
spanned by all the vectors orthogonal to the Weyl vector p is positive 
definite with respect to the scalar product ()E.15|) . 

Because of the adjoint action the spectrum of J3 will be integral, 
i.e., e*^'^"^^ = 1 and the representations arised are called single valued or 
unitary. Using the irreducible adjoint representation of so(2,l) we define 
the quadratic Casimir operator 



(E.18) 



Q = J.^J^-J+J- - J-J+ 

= MJs + l)-2J-J+ = MJs-l)-2J+J-, 

which acts on a generator adjointly according to 

adQ(x) = [J3, [J3,x]] - [J+, [J-,x]] - [J-, [J+,x]]. (E.19) 

The eigenvalues of this Casimir operator are then used to label the ir- 
reducible representations of so(2,l) occurring in the decomposition of g. 
Besides the non-unitary finite dimensional representations such as the 
three dimensional one, so(2,l) possesses two different kinds of unitary 
infinite dimensional representations. 

i. The discrete series representations 

The Casimir eigenvalues for the discrete series representations are 

Q = s{s-1)>0. (E.20) 

These representations contain a lowest (highest) weight state satis- 
fying J~|s, s) =0 (or J+l — s, —s) = 0), and the states of a repre- 
sentation are denoted by \s, m) (or | — s, —m)) for m = s, s + 1, . . ., 
where s = 2,3,4, .. .. These representations are entirely contained 
in the triangular subalgebras A^+ or A^_ defined in Eq. ()E.1|) . The 
lowest weight representations are built on states of the form 

^^^^= 5^ c,,..,jE,,,...,[E,,_„E,J...] , [J-,t;W] = 



JlvJs 



(E.21) 
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by repeated application of J'^ . Similarly, the highest weight states 
are obtained by acting on 



(E.22) 



V 



with J . 

ii. The continuous representations 

The continuous representations split into principal and supplemen- 
tary series representations with the Casimir eigenvalues 

principal series : — oo < Q < —\ ,^ ■. 

supplementary series : — | < Q < 0, 

respectively. The supplementary series can in practical never ap- 
pear as unitary representations of so(2,l), since e^'^'"^^ can never 
equal unity for these. Thus, we consider only the principal series 
in detail. 

Apart from J3, there are (r — 1) linearly independent combina- 
tions of the Cartan generators of g, written generally as X]i=i Cj-f^j- 
These are determined by diagonalising the so(2,l) Casimir opera- 
tor. Acting with the Casimir operator adjointly we obtain 

(r \ r 

Y^ CiHi =-25^ CiA.pjHj. (E.24) 

i / i,j=l 

Note that usi ng X]^ =i ^jjPj = ~^].k=i^ij^Jk = ~^ ^^^ putting 
Cj = —pi, Eq. ()E.24|) becomes 

r 

adQ( J3) = 2 Y, P^A,P,H^ = 2J3, (E.25) 

which is precisely the result expected for the adjoint representa- 
tion of so(2,l). The coefficients of the remaining (r — 1) linearly 
independent combinations will be orthogonal to J3 and thus satisfy 

^ r r \ r r 

J=l j=l / id=l i=l 

(E.26) 

The full representations are then generated by multiply commuting 
"^l^i CiHi with J"*" and J~ . Since the eigenvalues of J3 are bounded 
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neither from above nor from below, the orthogonal complement of 
J3 must belong to (r — 1) principal series representations. These 
representations extend simultaneously into both A^+ and A^_. It 
can also be verified that all the elements in the principal series 
have positive norm, i.e., {x,x) > 0. 
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F 



The lattices n 



D-hl 



The lattices Ud^i-i are the unique even self-dual Lorentzian lattices, 
existing only in the dimensions D = 8n + 2,n = 0, 1, 2, . . .. These lattices 
are spanned by the vectors x = {x^, . . . , x^~^] x°) G M"^^^'^ satisfying 



D-l 

X ■ r 

i=l 



= J^ xV^ - a; V e Z, (F.l) 



where r = (|, . . . , |; |) G M.^ ^'^, and the scalar product is defined using 
the flat Minkowski metric. In addition, either 

all x^ eZ or all {x^ - r'^) G Z (F.2) 

must be obeyed pTj . 

Concentrating on the lattice IIi;!, we find it consisting of the vectors 

(m; 2p + m) and \n-\ — ; 2g + n H — J \/ m,n,p,q E Tj. (F.3) 

It is straightforward to show that IIi;! is even 

{m;2p + mf = -Ap{p + m) 
(n+i;2g + n + i) = -2g(2g + 2n + 1) ^ ' 

The self-duality can be shown by explicitly finding the dual lattice. For 
convenience we change the notation to z = {z~^ , z~), where 



z+ -- 


= x^ + x^ 




r x' -- 


-- \{z+ + 2z 


z~ = 


= i(xO-xi) 


=^ 


[x^ - 


- \{z+-2z 



■ (F.5) 
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The scalar product then becomes 

x-y = \{{z+ -2z-){w+ -2w-)-{z+ + 2z-){w+ + 2w-)} 



—z~^w — z w~ 



(F.6) 



In the basis given by {z^, z^) the points in 111;! can be written simply as 

{n,m) Vn,mGZ, (F.7) 

e.g., the vector r will be r = (1,0). Thus, the lattice IIi;! is the integer 
span of the basis vectors 

A; = (1,0) and A; = (0, -1), (F.8) 

which have be chosen to satisfy A;^ = A;^ = and k-k = 1. Also, ±(A; + A;) 
are the only two points in the whole lattice with length squared equal 
two. 
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